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Abstract

This thesis studies two-dimensional Abelian BF theory as a topological conformal
field theory. We enlarge the BRST cohomology by including new delta-function
observables, compute correlation functions involving these operators, and study their
properties.

We then consider two deformations of the theory. The first is a superpotential
deformation in the ghost fields, while the second is a new deformation generated by a
new delta observable. For both deformations, we study the resulting TCF'T structure,

the modified BRST cohomology, and compute new correlation functions.
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Chapter 1
Introduction

BF theory is a compelling framework in topological field theory for exploring gauge
symmetry, BRST cohomology, correlation functions, and the BV formalism. In
two dimensions, the theory is particularly interesting because gauge-fixing reveals
a topological conformal field theory structure, characterized by a Q-exact stress-
energy tensor. It therefore provides a natural setting in which the local methods of
conformal field theory meet the cohomological description of observables through
BRST cohomology.

The aim of this thesis is first to study two-dimensional Abelian BF theory,
following closely the work of Losev, Mnev, and Youmans [1]. We establish its TCFT
structure and study its BRST cohomology. One of the main goals is to enlarge the
polynomial BRST cohomology by introducing delta-function observables and to study
new correlation functions involving this enlarged algebra of observables using Witten’s
approach [2]. We also discuss the main properties of Q-closed correlators and recall
Witten’s descent procedure, through which a Q)-closed observable generates a tower
of descendant observables.

We then study two deformations of the theory. First, we consider the N-component
Abelian BF theory with a superpotential deformation. We then introduce a second
deformation generated by a distributional observable. For both deformations, we
investigate the TCF'T structure of the deformed theory, the effect on the original
symmetries, the resulting BRST cohomology, and new correlation functions of -
closed observables. The thesis is structured as follows. Chapter 2 recalls some
elements of two-dimensional conformal field theory, notably the correspondence in
two dimensions between conformal structures and complex structures, as well as
deformations of conformal structures by Beltrami differentials. The latter will be
used in Chapter 7 to compute the stress-energy tensor.

Chapter 3 introduces the main concepts of supergeometry needed to present the

BRST formalism and, finally, the Batalin—Vilkovisky formalism.



In Chapter 4, we mainly present Witten’s approach to computing correlation
functions involving delta-function observables, both when the elementary fields have
zero modes and when they do not.

Chapter 5 introduces two-dimensional Abelian BF theory. We provide proofs of
some of the results of [1], study its TCFT structure and BRST cohomology, and
compute new correlation functions involving delta-function observables. We also
recall Witten’s descent procedure, which will later be used to deform the theory.

Chapter 6 studies a deformation of the N-component two-dimensional Abelian
BF theory obtained by introducing a superpotential in the ghost fields. We compute
the deformed BRST differential and BRST current, study the associated Feynman
diagrams and the quantum TCFT structure of the theory, and analyze the new
cohomology of observables.

Chapter 7 follows a similar strategy for a different deformation generated by a
distributional observable involving delta functions. We study the deformed BRST
structure, stress-energy tensor, correlation functions, and the resulting open BRST
algebra. We then construct its BV completion and analyze some of the new contact

terms and singularities appearing in the deformed correlators.



Chapter 2

Two-Dimensional Conformal Field

Theory

In this section, we briefly present some key elements of two-dimensional conformal
field theory. In particular, we discuss the correspondence between two-dimensional
conformal structures and complex structures, as well as deformations of complex
structures described by Beltrami differentials. These notions will be used in the final
chapter. Familiarity with CFT and differential geometry is assumed. Throughout
this chapter, we follow [3], [4], and [5].

2.1 Moduli Space of Conformal Structures

Definition 2.1.1 (Conformally flat metric). [5, Definition 2.34] Let (M, g) be a
pseudo-Riemannian manifold of signature (p,q). (M, g) is called conformally flat

if every point of M has a coordinate neighbourhood U,, with local coordinates

[ N , In which the metric can be written as
o P+4), in which th i be wri
2 - i\ 2 Ak i \2
gly, = Q(x) |D_(dey)? = > (dzd)?|, (2.1)
i=1 j=p+1

where €1, is a smooth and strictly positive function on U,. Thus, in each such
neighbourhood, ¢ differs from the flat metric of signature (p, ¢) only by the position-
dependent conformal factor Q2. Coordinates satisfying equation (2.1) are called
conformal coordinates. In the two-dimensional Riemannian case, they are also com-

monly referred to as isothermal coordinates.

Theorem 2.1.1 (Local conformal flatness in two dimensions). [3/[5] Every two-

dimensional Riemannian manifold is conformally flat.



Definition 2.1.2 (Moduli space of conformal structures). [5, p. 47| Let Conf(M)
denote the space of conformal structures on M. The moduli space of conformal

structures on M is the quotient of Conf(M) by the action of the diffeomorphism

group Diff (M):
_ Conf(M)

Meont(M) = Diff (M)

(2.2)

2.2 Complex Structures and Almost Complex Struc-

tures

Definition 2.2.1. [4, Definition 8.5] Let M be a differentiable manifold. The pair
(M, J) is called an almost complex manifold if there exists a tensor J of type (1, 1)
such that, for every x € M,

J2 = —idp s (2.3)

T

The tensor J is called an almost complex structure on M.

Equation (2.3) implies that the eigenvalues of J, are +i and —i. Since J, is real,
the multiplicity of i is equal to that of —i. Hence, M is even-dimensional, and we

define its complex dimension by
: 1.
dime¢ M = 5 dimg M = n. (2.4)
We can extend J, by complex linearity to the complexified tangent space
T,M® :=T,M @z C, (2.5)

while preserving the relation
J2 - —ide]\/[C . (26)

T

In this case, following [5, Section 2.8.1], we can split T, M® into:

T,M®=T"M & T M, (2.7)

where
THM = {X € T,M® | J,X =iX}, (2.8)
TOM = {X € T,M® | J,X = —iX}. (2.9)

This splitting induces a splitting of the complexified tangent bundle and of the



complexified cotangent bundle:

TMC =T"M @ T M, (2.10)
and
T*M® =T"°M @ T*%' M, (2.11)
where
T*M€ := T*M ®g C. (2.12)

More generally, the decomposition (2.11) induces a decomposition of complex-

valued differential forms. We define
p q
QPUM) =T (/\ M@ N\ T*0’1M> : (2.13)

An element of QP(M) is called a differential form of type (p,q). The space of

complex-valued k-forms then decomposes as

QM) = € (M), (2.14)

p+q=k

Definition 2.2.2 ([5, Definition 2.39]). Let J be an almost complex structure on
a smooth manifold M. The almost complex structure J is called integrable if there

exists an atlas of coordinate charts

{(Ua, pa)} Pa = (Zlv"'vzn)7

such that, on each U,,

o\ .0 0 0
! (azi> =l 7 (azi> ~oE

For any two charts (U,, ¢,) and (Us, @) such that U, N Uy # &, the transition

map

03090t pa(UaNUs) — 0s(Us N Up)

is holomorphic.

An integrable almost complex structure J is called a complex structure on M.

Theorem 2.2.1 (Newlander—Nirenberg). [4, Theorem 8.15] Let (M, J) be an almost

complex manifold. Define the Nijenhuis tensor

Ny X(M) x X(M) — X(M)



by
Ny(X,Y)=[X, Y]+ J[JX, Y]+ J[X,JY] - [JX, JY].

Then the following statements are equivalent [5, Section 2J:
1. The almost complex structure J is integrable.

2. The Nijenhuis tensor vanishes identically:

N;(X,Y)=0, for all X, Y € X(M).

3. The Dolbeault operator satisfies

0% =0.

In real dimension two, any almost complex structure (X, J) on a two-dimensional

manifold ¥ is automatically a complex structure.

Remark. An almost complex structure J naturally induces an orientation on M.
Indeed, if dimg M = 2n and

(e1,...,€n)

is any collection of tangent vectors such that
(e1,Jer, ... en,Jen)

forms a basis of T, M, then this basis is declared to be positively oriented. This

orientation is independent of the chosen basis.

Theorem 2.2.2 (Equivalence of conformal and complex structures in dimension
two). [5, Lemma 2.41] Let 3 be an oriented smooth manifold of real dimension two.

Then there is a one-to-one correspondence between
o conformal classes of Riemannian metrics on %, and
o complex structures on X compatible with the given orientation.

More precisely, every conformal class [g] determines a unique compatible complex
structure J, and conversely every complex structure J compatible with the orientation

determines a unique conformal class of Riemannian metrics.

Definition 2.2.3 (Riemann surface). A Riemann surface is a smooth manifold ¥ of

real dimension two equipped with a complex structure.



2.3 Deformation of the Complex Structure

In our 2D BF theory, we will need to compute the stress-energy tensor, defined by
varying the action with respect to the metric. In two dimensions, Theorem 2.2.2
identifies the conformal class of the metric with the compatible complex structure,
so variations of the conformal structure can equivalently be described in terms of

deformations of the complex structure.

If (M, J) is a complex manifold, deformations of the complex structure can be
described, following [5, Section 2.8.3], by deforming the Dolbeault operator d through

a Beltrami differential
pe QU M, TYOM),

such that
J— 0+ n= 5#'

The holomorphic Dolbeault operator changes as
0— 0+ 1= 0,.

Locally, the antiholomorphic Dolbeault operator is written as

(i
0, =dz <azi+ug(2,z)azj>.

The holomorphic Dolbeault operator can be written as

(0 : 0
— st I, 5y 2
8lt_dz (82’7’ +Mg (Z7Z>azj> .
To first order in p and i, the complex structure J changes as
Jo —> o+ 21 (g — fiy) , x € M.

By the Newlander—Nirenberg theorem 2.2.1, for this deformation to define a

complex structure, it must satisfy the Kodaira—Spencer equation:

(@)2 =0 = Op- ;[u,u] =0.

Taking the complex conjugate, one obtains

_ 1
op — A gl = 0.



Chapter 3

Supergeometry and BRST

Formalism

The foundational principle of supergeometry is to encode the geometry of spaces
within their algebra of functions. Let M be a differentiable manifold. The space of
smooth functions C*°(M) forms a commutative algebra. For a fixed point p € M,

the set of all smooth functions vanishing at p,

m, = {f € C*(M) | f(p) = 0},

forms a maximal ideal. Indeed, m, is the kernel of the evaluation map
evy : CF(M) — R, f+— f(p),

and
C*(M)/m, ~R.

Consequently, each point p € M determines a maximal ideal m,,.

In supergeometry, this commutative algebra of functions is replaced by a supercom-
mutative algebra. This algebraic generalization leads to the concept of supermanifolds,
which generalize ordinary differentiable manifolds by introducing odd (anticommuting)
coordinates alongside the usual even coordinates.

Throughout this chapter, we rely on the following primary references: for superlin-
ear algebra, we follow [6, 7]; for the general theory of supermanifolds, we refer to [8,
9]; and for symplectic graded manifolds, as well as the BRST and Batalin—Vilkovisky
(BV) formalisms, we primarily follow [9]. For comprehensive, self-contained treatments

of these foundational topics, the reader may consult [10, 11].



3.1 Super Linear Algebra

Definition 3.1.1 (Z-graded vector space). A graded vector space V'* is a vector

space over R or C which decomposes as

Ve=EPpVvh

kEZ
Every nonzero element v € V¥ is called homogeneous of degree k, denoted by
lv| = k.
Remark. [7, pp. 1.4.7-1.4.8]
1. If V* is a graded vector space, its dual V** is a graded vector space defined by

(V¥ = (V)"

2. Let V* be a graded vector space. For k € Z, the shifted vector space V*[k] is
defined by
(V)" =Vt nez

Definition 3.1.2 (Z-graded supercommutative algebra). [7, Definition 1.4.11] A

Z-graded supercommutative algebra A® is a Z-graded vector space

A =P A~

kEZ

equipped with a bilinear product
A® x A* — A°, (x,y) — xy,
such that, for homogeneous elements x,y € A®,
|zy| = [z[ + [yl

The graded algebra A® is required to be:

e associative:
(zy)z = z(yz),

for all homogeneous z,y, z € A®;



o graded commutative:

Ty = (_1)lely|yx’
for all homogeneous x,y € A®.

A graded algebra is called graded skew-commutative if
zy = —(—1)kWyg

for all homogeneous x,y € A®.

Definition 3.1.3 (Z-graded Lie algebra). A Z-graded Lie algebra g°® is a Z-graded

vector space
=P
keZ
equipped with a bilinear bracket
[—.—]:9" xg" — g,
such that, for homogeneous elements x,y, z € g°,
1. Compatibility with the grading:

[, 9| = |z| + |y].

2. Graded skew-commutativity:

3. Graded Jacobi identity:
[, [y, 2]] = [z, 9], 2] + (=1) "Wy, [z, 2]].

Definition 3.1.4 (Graded derivation). Let A® be a Z-graded algebra. A graded

derivation D of degree |D| is a linear map such that, for homogeneous x,y € A®,

|D(x)| = |D| + |x|, D(zy) = D(z)y + (—1)!PI#lzD(y)  (graded Leibniz rule).

10



3.2 Supermanifolds

Definition 3.2.1 (Super graded manifold). [8] A smooth Z-graded supermanifold
M is a locally ringed space
M = (M,0n),

where M is an ordinary smooth manifold, called the body, and Oy is a sheaf [10] of
Z-graded supercommutative algebras on M, locally isomorphic to

C*(U) @ Sg:(W™),

where U C M is open and
W= &g W

keZ\{0}
is a finite-dimensional Z-graded real vector space. Here, S, (W*) denotes the graded-

symmetric algebra.

The parity of a homogeneous element x is determined by its degree modulo 2:
p(x) = [z (mod 2),

where |z| = deg(x) € Z denotes the degree of x. The local isomorphisms and

coordinate transformations are required to preserve the full Z-grading.

Definition 3.2.2 (Graded vector bundle). A graded vector bundle

E.=@E, —M

kEZ

is such that each
E,—> M

is a vector bundle over M.
To obtain a graded manifold with body M in the sense of the previous definition,

we assume that Ey = 0. Naturally, the sheaf of sections
Ur— T'(U, Sg:(E7))
defines a graded manifold over M. If F is concentrated in odd degrees, then
I'(M, Se(E")) =T (M,AE").

Example 3.2.1. [9, Example 4.25] The shifted tangent bundle T[1]M defines a

graded manifold with local coordinates x? of degree 0 and 6 of degree 1. Its algebra

11



of functions can be identified with the differential forms on M:
C®(T[M) = Q*(M).

Example 3.2.2. [9, Example 4.26] The shifted cotangent bundle 7*[—1]M defines a
graded manifold with local coordinates x? of degree 0 and 1); of degree —1. Its algebra

of functions can be identified with the polyvector fields on M with reversed grading:
C(T*[-1]M) =2 T(M,A*TM).

In particular, functions of degree —k correspond to k-vector fields on M.

Definition 3.2.3 (Graded vector fields). A graded vector field X on M is a graded
derivation of C*°(M),
X : C®(M) — C®(M),

in the sense of Definition 3.1.4.

For homogeneous v, w € X(M), the Lie bracket is defined by
[v,w] :==vow— (=1)"ly o,

Definition 3.2.4 (Cohomological vector field). Let M be a smooth Z-graded su-
permanifold. A vector field Q € X(M) is called a cohomological vector field if it

satisfies:

1. @ has degree 1,

Q[ =1;
2. Q? =0, or equivalently,
[@Q,Q] =0.
In this case, the pair
(M, Q)

is called a differential graded manifold (dg-manifold).

Example 3.2.3. [9, Example 4.30] for the shifted tangent bundle T[1]M, the de

Rham operator
.0 ) )
=dy=) 60— 0" < dx'.

is a cohomological vector field.

12



Example 3.2.4. [9, Example 4.31] Let g be a Lie algebra and let M = g[1] be a

graded supermanifold defined by its algebra of functions
C*(M) = A*g™.

If {T,} is a basis of g with
[TayTb] = fchm

a

and {1*} are the corresponding degree-1 coordinates on g[1], then

0
ope

1
Q=dcg = 3 Cahab
This defines a cohomological vector field on M. The condition
Q" =0

follows from the Jacobi identity on g.

3.3 Integration on Supermanifolds

Consider a graded vector bundle
E— M

of rank m, concentrated in odd degrees, where M is an oriented n-dimensional
manifold. Following the formulation of [9, Section 4.2.4], it defines a graded manifold

M whose algebra of functions is
Co(M) =T(M,\"E") .
We define the Berezinian line bundle of M by
Ber(M) = N\"T"M o \" E.

Let
p € I'(M, Ber(M))

be a Berezinian. We define an R-linear integration map on M by

/M“' L O®(M) — R,

13



where
/M pfi= /M<u, (f)m>- (3.1)

In other words, a superfunction f € C*°(M) can be written locally as

f=Ffotfit -+ fm ﬁeWMA%ﬂ.

Berezin integration selects the component of highest degree in the odd variables,

namely f,,. Here,
(VN Eo N B —R

denotes the natural fiberwise pairing. Therefore,

{1, fm) € Q"(M)

is an ordinary top-degree differential form on M.

The section p is called a Berezinian density. In this construction, p does not
depend on the odd coordinates. More generally, a Berezinian may also depend on

the odd coordinates and therefore belongs to
(M, Ber(M)® \"E7).
Using the algebra of functions on M, this space can equivalently be written as
(M, Ber(M) @ \" E7) = T(M, Ber(M)) ®c(ar) C(M).

Definition 3.3.1 (Divergence of a vector field). [9, Definition 4.45] Let X be a
graded vector field on M, and let u be a Berezinian. The divergence of X with
respect to u, denoted by div,(X), is defined by

J X () == [ wdiva(x) £

for every

f ez M).

3.4 Graded Symplectic Manifolds

As seen in Example 3.2.1, for an ordinary smooth manifold M, there is a natural
identification
C(T[M) = Q*(M).

14



Similarly, the algebra of differential forms on a graded manifold M is defined by
Q* (M) = C>=(T[IIM).

Locally, let (z°,67) be homogeneous coordinates on M, where z and 67 are even
and odd, respectively. The induced coordinates on the shifted tangent bundle T[1]M

are

(a; 09, da', d&j),

with degrees
|dz'| = |2'| + 1, |do7| = |67] + 1.

The shifted tangent bundle T'[1]M carries the natural cohomological vector field
.0 )
- d 17. dej—
Q=2 g+ 245
Each term in @) has degree 1, and a direct computation gives

Q*=0.

Under the identification
C=(T[IIM) = Q* (M),

the vector field ) corresponds to the de Rham differential d on M.

Definition 3.4.1 (Odd symplectic structure). [9, 12] Let w € Q*(M) be a differential
2-form on M. We call w an odd symplectic structure if the following conditions are
satisfied:

1. w is d-closed:
dw = 0.

2. w is nondegenerate, i.e., the induced map

W TM — T*M,
X — w(X,)

is an isomorphism.
3. w has odd parity.

In suitable local Darboux coordinates (z?,6;) [12], the odd symplectic form takes

15



the canonical form

w= Z dx' A db;.
The pair (M, w) is called an odd symplectic supermanifold.

In the Batalin—Vilkovisky formalism [13], the odd symplectic form is taken to
have degree —1:

lw| = —1.

Definition 3.4.2 (Lagrangian submanifold). A submanifold £ C M is called a

Lagrangian submanifold if it satisfies the following conditions:
1. L is isotropic:
w|, = 0.
2. L is maximal among isotropic submanifolds.

Following the presentation in [9, p. 90|, let (M, w) be an odd symplectic manifold,
and let p be a Berezinian on M. We define the BV Laplacian as the operator

A, C®°(M) — C®(M).

Let f € C*®(M), and let X; be the Hamiltonian vector field generated by f,
defined by

Lx,w = df. (3.2)
The BV Laplacian of f is defined by

A(f) = 5 div(Xp). (3.3)

We also define the odd Poisson bracket. For every f,g € C*°(M), it is given by

{f.9} = Xy (9). (3.4)

In a local Darboux coordinate chart (z*,6"), if the Berezinian p is written locally
as

pw=Adx' A Adx™ AdO A - A dO™,
then the BV Laplacian takes the form

g 0 1
A=) BT + §{log/\, -} (3.5)

i

16



The odd Poisson bracket is locally given by

e R
o d 0
Uoh=21 (axiaei o0 axi> g

We say that the Berezinian p is compatible with the odd symplectic structure w if,

(3.6)

around every point of M, there exist Darboux coordinates (x*,6") in which
p=dz' A ANdx" ANdO A - N dO (3.7)

In this case, the BV Laplacian takes the canonical form

0 9
Bu=Y 5o (3.8)

i

The BV Laplacian squares to zero if and only if the Berezinian y is compatible
with w [9, p. 90]:

Ai =0 <= uis compatible with w. (3.9)

Definition 3.4.3 (BV algebra). [9, Definition 4.69] A Batalin—Vilkovisky algebra, or
BV algebra, is a graded supercommutative unital algebra (A, -, 1) equipped with the

following structures:
o A Poisson bracket of degree —1,
{-.—}  A®A— A,
such that, for all homogeneous elements z,y, z € A,

H{z, y} = [z] + |y| — 1,

and satisfying

— {z,yt = —(=1D)=Dl=D 1y 2}
—A{z,yz} = {z,y}z + (=)D Lz 2}

Aoy, 23 = o, yh 2} + ()WY {21}

o An R-linear map of degree —1, called the BV Laplacian,
A A — AT

satisfying
~ A? =0 and A(1) = 0;

17



- Aoy} = {Az g} + (=1)F e, Ayl
— The bracket {—, —} measures the failure of A to satisfy the graded Leibniz

rule:

Azy) = (Az)y + (=1)"zAy + (=1)"{z, y}.

In this thesis, we adopt the convention in which the BV bracket and the BV
Laplacian both have degree —1, rather than degree +1. This convention will be
used later to define a BV algebra structure on the space of 0-observables of the

two-dimensional BF theory.

3.5 BRST Formalism

In this section, we closely follow the presentation of the BRST formalism in [9].

Definition 3.5.1 (Classical BRST formalism). A classical BRST theory consists of
the following data:

1. A differential graded manifold (F, Q). We call F the space of fields and @ the
BRST operator.

2. A BRST action S € C°°(F) of degree zero satisfying

Q(S) = 0.

This expresses the BRST invariance of the action.

The BRST cohomology is defined by

~ Ker@
Hg = mQ (3.10)

More precisely, at degree k,

ik Ker(Q L C®(F)k — COO(}")'“H)
C7 Im(Q : C®(F)k=1 — O°(F)k)

Definition 3.5.2 (Quantum BRST formalism). A quantum BRST theory consists
of a classical BRST theory (F, @, S) together with a Berezinian p on F such that

div,(Q) = 0.
For every compactly supported function f € C°(F), we have

Jnen) =~ [ndiv,@f =0 (3.11)
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We are generally interested in formal oscillatory path integrals of the form

Z:/ pers, (3.12)
f

In the presence of gauge redundancy, perturbation theory is generally ill-defined
because the critical points of S are degenerate along the gauge orbits. This degeneracy
gives rise to zero modes in the Hessian of the action.

To fix this problem, we use Equation (3.11). Let W be a function of degree —1,
called the gauge-fizing fermion. Since @) has degree +1, the term Q(V¥) has degree

zero and can be added to the action. We then have

/,u #S —/ [ en(STR), (3.13)
_F

A suitable choice of ¥ removes the degeneracy along the gauge directions and makes
the perturbative expansion well-defined.
We define an observable O in the BRST formalism as a )-closed superfunction

on the space of fields, namely
O € C*(F), Q(0) =0.
The correlation function of such observables Oy, ..., Oy is defined by
<01"'ON>I:*/[L01"-ON6h . (314)
ZJF

Equation (3.11) then implies that the correlation function is invariant under the

addition of the Q)-exact gauge-fixing term:

(01--On) = - / PO, - Oy e+, (3.15)

3.6 Classical BV Theory

In the classical BV formalism, the symplectic form has degree —1, and therefore the
induced BV antibracket has degree +1. This convention should be distinguished from
the degree-—1 bracket that will be used later for the BV algebra of 0-observables in
the two-dimensional BF theory.

Definition 3.6.1. [9] A classical BV theory consists of:

1. An odd symplectic manifold (Fgy,wpy), where

’va‘ = —1.
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We call Fgy the space of BV fields and wgy the BV 2-form.

2. A BV action
SBV c C™ (-FBV)

of degree zero satisfying the classical master equation
{SBv, Spv} = 0.
We then define the BRST operator by

Qv = {SBv, —}.

Since the BV antibracket has degree +1, the operator Q)gy also has degree +1. By

the graded Jacobi identity and the classical master equation,

Qi (f) = ;{{SBV7 Sev }, f} =0.

Given a classical BRST package (Fgrst, @BRST, S) , Wwe can define the corresponding
BV package as follows. The space of BV fields is

Fey = T"[~1]Fgrsr-
If (¢“) are local coordinates on Fgrgr, then Fgy has local coordinates
(6, da);
where ¢ is the antifield associated with ¢®, with degree
ol =—1—1¢"|.
The BV symplectic form is
wpy = Y 06" NG,

and the BV action is
Spy =S + Z Q%RST(b;ra

where 3
(QBRST = ; Q%RST%'
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Chapter 4
B~y System

In this chapter, we investigate the evaluation of correlation functions involving delta-
function insertions for a v system, following closely Edward Witten’s approach in
2, Section 10].

4.1 The (v system

Let X be a closed Riemann surface of genus g, and let Ky denote its canonical

holomorphic line bundle. Consider the fields
veD(X,L), Be F(E,Kz ® L—l) ,

where L is a holomorphic line bundle over X.

The bosonic S system is defined by the action

1 _
Iy = £ /Z 38.7. (4.1)

We assign the ghost numbers

We denote the kinetic operator by

1

M :=—0;.
47TL

We also introduce the fermionic system (5%, v*), with the same geometric properties

and opposite statistics, where

v eT(x, L), pe€ r(z, Ks ® L—l) :
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It is defined as well by
Loy = /E B My, (4.2)

In the absence of zero modes, the bosonic and fermionic Gaussian functional

integrals formally give

/Dﬁ Dyelon = /Dﬁ* Dr* e 13 = det M.

det M’

For an observable O, we define the unnormalized correlation function by
(O) == / DEDye 1 0. (4.3)
The normalized correlation function is

(O)y = <1>> (4.4)

4.2 Correlation Functions without Zero Modes

Let
Gz, w) = (v(z)B(w)) y = (V' ()" (w)) y (4.5)

be the inverse of M1,

For the bosonic system, Wick’s theorem gives

<ﬁ7(l’z)li6(w])> = Z ﬁG(xi,’wﬁ(i)) (4.6)

i=1 N mESmi=1

For the fermionic system, the sign of the permutation must be included:

<ﬁ7*($z)ﬁﬂ*(w])> = ZS: (—1)Wf[1G<xi7w7r(i)>' (47)

4.3 Delta Function Operators

Throughout this section, we continue to assume that the kinetic operator M has no
zero modes.

For fermionic fields, delta-function operators are simply
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They also admit the integral representations
5(7*(1’)) = /da* e~ @), 5(5*(@0)) = /d/\* e AT

where o and \* are auxiliary fermionic variables with ghost numbers

It follows that
(3(v'(@)8(8"(w))) . = Gla,w), (4.8)

To express the unnormalized correlator as a Gaussian integral, we define the

extended fields and kinetic operator by

(! _ 2,2 @(z —w
N I et

A* §@(z — 2 0
(4.9)
The extended action is
fﬁ*’y* = (B*a ]/\Z;}\/*) = Iﬂ*v* + O[*/y*(x) + 6*(w))\*a
which yields
Iy (z))o( 5% (w))) = /Dﬁ* D~* d\* da* e 157
=det M.
With our chosen ordering convention,
det M = (det M) G(z, w). (4.11)

The same construction applies to the bosonic theory. In this case, the Gaussian

integral produces the inverse determinant:

(5(2))(Bw))) = ——.

After normalization, following [2, Eq. (10.24)], we obtain then

(8(v(@))s(Bw))), = SERTE (4.12)
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More generally, following [2, Eq. (10.28)],

<Zﬁ16(7(xi)) ﬁ5(5(wj)>> = > 1)ﬂ1,,_1}G( ) (4.13)
N - Tis Wr(i)

TESm i=1

- j=1

The delta-function operators are fermionic and carry ghost numbers opposite to

those of the corresponding bosonic fields:

Another useful OPE involving two delta-function operators is [2, Eq. (10.2)]

1

Uy — U2

5(7(%)) 5(7(U2)) ~ = 5(7(1@)) 5(37@2))

4.4 Mixed Correlation Functions

We now consider correlation functions containing both elementary fields and delta-
function operators. We begin with the fermionic system and then pass to the bosonic
one.

In the fermionic system,
(8(7"(@))8 (8" (w))y*(@')B(w')) = (det M) G, '),

where G is the inverse of the extended kinetic operator. Using Wick’s theorem, one

finds
G(z,w)G(2' ,v') — G(z,w")G(2', w)

Gla',uf) = G(z,w)

(4.14)

For the bosonic system, the normalized mixed correlation function, following |2,
Eq. (10.37)], is
(8(7(@))s(B(w))()B@))
G(z,w)G(2',vw') — G(z,w")G (2", w) (4.15)
= ( 5 )

G
This yields two useful operator product expansions [2, Eq. (10.37), Eq. (10.38)]:

T, W)

A(@') 5(1(w)) ~ (@' — ) 01(x) 6(~(x)). (4.16)

and
1

w—=

B(w) 5 (y(x)) ~ o' (v(x)) (4.17)
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4.5 The v System with Zero Modes

Let
n, = dim (S, L), ng:=dimH(S, Ky @ L)

be the numbers of zero modes of v and (3, respectively. By the Riemann—Roch
theorem [14],
ny,—ng=1—g+degL. (4.18)

We consider the case

n~, =0, ng =r.

Let
2y 2 € HO(E,KE ® L—l)

be a basis of the 5 zero modes. Equivalently,

MtZi:O, z':l,...,r.

Since M has zero modes, det M = 0, and the previous vacuum Gaussian formula
is no longer applicable. To saturate the r fermionic zero modes, we must insert r

copies of 5*. Fermionic statistics yields

Z (—1)7" ];_[lzi (ww(z)) = det(zi(wj)).

WEST

Let
M= (ker M)+ — (ker M*)*

denote the restriction of M to the nonzero-mode sector. The unnormalized fermionic

correlation function is then, following [2, Eq. (10.52)],
<]‘[ 5*(wj>> = det M det(z(w;)). (4.19)
j=1
or as delta operators,
o 8" (w;) > = det M+ det( z(w;)).
(IL3(70) (s)

For the bosonic system, the corresponding result [2, Eq. (10.54)] is

<j1£[15 (5(wj))> ! (4.20)

B det ]\4L det(zi (wj)) .
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4.6 General Correlation Functions

We now consider a correlator containing one v* insertion and r + 1 insertions of 5*:

r+1
(@ T w).
j=1
As a function of each wj, this correlator is a holomorphic section of

Ky ® L' ® O(x).

Under the assumptions above, this space has dimension r + 1 by the Riemann—Roch

theorem.

The sections 2y, ..., z. provide r linearly independent elements. To complete them

to a basis, we introduce a section G(x,w) with a simple pole of residue one at w = z.

It is defined modulo a linear combination of zero modes:

G(z,w) — G(z,w) + iai(x)zi(w).

Define
z1(wy) zi(wg) o z(Weyn)
z(wy)  z(w2) o za(wega)
R
ze(wr)  z(w2) o 2 (wega)
G(z,wy) G(z,wg) -+ G(z,wry1)

The unnormalized fermionic correlation function is

r+1
<7*(a:) 11 B*(wj)> = det M det N1 (x5 w).

J=1

Equivalently, expressing the insertions as delta functions yields

<5(7*(a¢)) h (5(5*(wj))> = det M det Ny (25 w).

J=1

For the bosonic system,

r+1 1
<5(’Y(I)) H 6(5(w9))> " det ML det N(r+1)(33§w)'

Jj=1

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Dividing the correlator with elementary insertions by the minimal zero-mode-
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soaking correlator yields

_ det N1 (x; W)
3(B(w))) > det Ny (w)

(4.26)

Here,
Ny (w) = (zz(w])>

More generally, consider m insertions of §(y) and r + m insertions of §(/3). Define

1<i,j<r

21 (wy) T 21 (Wrgm)
oo | o) ()
Newmlw) = Gz, wy) - G, Wygm) 427
G('xma wl) T G(ajm? errm)
Following [2, Eq. (10.71)], we have
ﬁ5( (2:)) Tﬁn5(ﬁ(w’)) S ! (4.28)
b T e / det M+ det Niyppm)(x; W) '

The normalized correlation function in the presence of these delta-function inser-
tions is, following [2, Eq. (10.73)],

Lm+1 m5 Z; T+m55w]‘ B(Wrm 1>
(2o T35 ) I a(30m9) e} N

e oGy e

=1 =
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Chapter 5

Two-Dimensional Abelian BF
Theory

In this chapter, we present the two-dimensional Abelian BF theory in Lorenz gauge,
following closely the formulation of Mnev, Losev, and Youmans [1], while providing
proofs of some of the results used in their analysis. We then extend the usual poly-
nomial observables by considering distributional operators involving delta functions,
compute correlation functions containing such insertions, and compare our expressions
with some unpublished results of Mnev, Losev, and Youmans.

We also discuss the main properties of ()-closed correlators and recall Witten’s de-
scent procedure, through which a @)-closed observable generates a tower of descendant
observables. These observables will play an important role in the following chapters,
where we deform the Abelian theory and study how its BRST structure, currents,

observables, and correlators are modified with respect to the undeformed theory.

5.1 Topological Conformal Field Theory

Definition 5.1.1 (Topological conformal field theory). [5, Definition 6.9] A topological

conformal field theory consists of a space of fields F endowed with a differential
Q:F—F
of degree +1, satisfying the following properties:

1. The holomorphic and antiholomorphic components of the stress-energy tensor

are (Q-exact:

Here, G is a holomorphic primary field of conformal dimension (2,0) and degree
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—1, while G is an antiholomorphic primary field of conformal dimension (0, 2)
and degree —1. The OPEs

G(w)G(z), G(w)G(2), G(w)G(2)

are regular.

2. There exist two primary fields .J, J € F of degree +1 and conformal dimensions
(1,0) and (0, 1), respectively. The differential @ acts on a field ® € F by

Qd(z) = § I)e) du+ 21;{ J(@)d(2) d, (5.1)

2mi Jy i Jy
where v, is a small positively oriented contour around z.

3. The total BRST current
Jtot =Jdz +7d§

satisfies
1

(27i)? fgz %w Jiot (W) Jor(2) = 0. (5.2)

Hence,

Q*=0.

5.2 Two-Dimensional Abelian BF Theory in Lorenz
Gauge

Let ¥ be an oriented closed Riemannian surface. The two-dimensional Abelian BEF

theory is defined by the classical action
Spr = /EBdA, AeQ'(x), Be(x) (5.3)
The action is invariant under the gauge transformations
Ar— A+ de, B+— B, e € Q'(X). (5.4)
We impose the Lorenz gauge condition
dxA = 0.

Following the Faddeev—Popov construction [9, Section 4.1], we introduce the Lagrange

multiplier A\, together with the Faddeev—Popov ghost fields ¢ and b. The gauge-fixed
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action is

S :/ (BAA + \dxA + bdxde) . (5.5)
b

The corresponding equations of motion are
dA = d«A = Ab= Ac=0, dB — xd\ =0, (5.6)

where A = xdxd.
We assign ghost number —1 to b and ghost number +1 to ¢, while A, B, A have
ghost number zero. Thus, the BRST space of fields is

FersT = Forst D Forst D FBRST: (5.7)
with

Forst = 1Q(E)y, Forsr = V'(2)a ® Q°(2)p ® (D), Farsr = (D).

5.8
Here, II denotes parity reversal, so that A, B, A are even, whereas b, ¢ are odd. )
The BRST operator acts as
QA = dc, Qb= M\, QB =Qc=QX=0. (5.9)
It has degree +1 and satisfies
Q : Fhrst — Fotst: Q% =0, Q(S) = 0. (5.10)
The gauge-fixed action differs from the classical action by a Q-exact term,
S=Sgr+QF), W= /Ebd*A, (5.11)

where ¥ is the gauge-fixing fermion; see Section 3.5.

5.3 Complex Formulation and Conformal Invari-

arnce

By Theorem 2.2.2, the conformal class of the metric on ¥ determines a unique
compatible complex structure. We may therefore introduce local complex coordinates

(z,Z) and use the decomposition introduced in Section 2.2,
QNE) = QM (%) @ Q¥L(D).
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The gauge field decomposes locally as
A=adz+adz, (5.12)
and we combine the real scalar fields B and ) into

(A —iB). (5.13)

N | —

’Y:;()\+iB)7 V=
In these coordinates, the gauge-fixed action becomes
S:Qi/zdz/\dz (v0a+7da +bode). (5.14)
In the Koszul convention, the BRST operator acts as
Qa = —dc, Qa = —0c, Qb=~v+7, QRQYy=0Q7=Qc=0. (5.15)

The metric enters the action (5.14) only through the complex structure determined
by its conformal class through d = @ + @ Then, by Theorem 2.2.2, the gauge-fixed
action is invariant under conformal changes of the metric. The two-dimensional

Abelian BF theory is therefore classically conformally invariant.

Proposition 5.3.1 (BRST current). The conserved BRST current is
JERST — 9j (—dzv(?c—i—dé*?é%) : (5.16)

Proof. To derive the BRST current, we introduce a local BRST parameter € = ¢(z, 2)

and consider the transformations
b.a = —cdc, 8.a=—cdc, 0.b=c(y+7), b.c=0.y=0.7=0. (5.17)
The variation of the action is
5.5 = 2i /E dz A dz [y B(6.a) +70(6.a) + b.b 850}
= 2i /2 dz Ndz [—7 d(edc) —70(e0c) + (v +7) 850} : (5.18)
Expanding the derivatives, the terms proportional to € cancel, yielding
0.5 = Qi/zdz/\dé (78055—%?5088) : (5.19)

Using
de = dz 0e + dz O¢,

31



we obtain

@S:/daxﬁ%ﬁ
s
which gives (5.16). O

Writing
Jo = —2iv 0, Jo = 2i70e, (5.20)

the total current takes the form
JERST — dz Jy + dz J.
Both components have ghost number +1 and are separately conserved on shell:

0Jy e 0, dJy e 0. (5.21)

5.4 Stress-Energy Tensor

The stress-energy tensor 7}, is defined by the variation of the action with respect to

the inverse metric [1, Eq. (12)]:

8,8 = —/Eq/detgdszw, dg". (5.22)

From (5.11),
S = Spr + Q(V).

Since the classical BF' action is metric-independent, the metric dependence of the
gauge-fixed action is entirely contained in the gauge-fixing fermion ¥, through the

Hodge star. Following [1], we write

o, U = —/E Vdet gd®x G, 69" .

We then obtain

5,8 = Q(5,D).
Hence,
TMV = Q(Guu)v (523)

so the stress-energy tensor is (-exact.

Proposition 5.4.1. The stress-energy tensor of the gauge-fized Abelian BF' theory
is Q-exact:

T:Q(G)7 T:Q(é),
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where

G = adb, G =aob.
The fields G and G both have ghost number —1.

Proof. The gauge-fixing fermion is
W= [ ba.
b
Since X is closed, integration by parts gives
U= — / db A %A,
by

and hence
5,0 = —/ db A 3,(xA). (5.24)
b

Writing A = A, dz", the Hodge star acts on one-forms as

xdx! = y/det g g""e,, dz”. (5.25)
Thus,
dg(xA) = A, d, (\/det g g“”) Evp dz’.
Using
1 (07
dgy/det g = —§y/detgga5 597,
we obtain

5g<\/detgg’“’> = d4y/det g """ + /det gdg"”

1
— Jdet g (—2%59“” + 5{;55)) 5g°°. (5.26)
Substituting into (5.24) yields
1 14 14 «
o = — /2 db AN A,/ detg (—angg“ + (5&55)) €vpdx’ by 8. (5.27)

In local complex coordinates (z, 2),
A=adz+adz, db = dbdz + b dz,
and the metric variation becomes

i = zz - zz
5,0 = —E/Zdz/\dz (adbsg™ +adbsg™). (5.28)
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Comparing (5.28) with

i ) )
59\I/:—§/Edz/\deW59“ ,

gives
Gzz = a@b, Ggg = C_Léb, ng =0.
Defining
G:Gzzzaab, é:Gggzaéb,
we have
Gtot = (dZ)2 G + (dZ)Q C_;’
Since

comparison with the definition of the stress-energy tensor gives
T/w = Q<Gul/)-

we obtain then

~
I

.
I

Q(a0b) = —0c0b+ a O,

T =T =Q(adb) = —0cdb + a O

5.5 Correlators of Elementary Fields

The action S decomposes into three independent free sectors:
S - S«/a + SWE + Sbw

where

Soo = 21/ dz Ndzyda,  Seq= 21/ dz A dz7 9,
3 by

Sy = 21/ dz A dzbodc.
>

To compute the correlator

{a(w)y(2)),

(5.29)

(5.32)

(5.33)

we invert the operator 9. On C, we require the fields to vanish at infinity, which

removes the zero modes of the Dolbeault operator. The same condition is imposed
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on the antiholomorphic system (@,7). We then obtain

e =t (530) @pEe ==  (63)

w—z

To compute
{c(w)b(2))c
we invert the second-order operator A = 490. To remove its constant zero mode
and regularize the infrared behavior, we replace the complex plane by a disk of large
radius R and impose Dirichlet boundary conditions:

Dr={z€C]||z| < R}. (5.36) blap, =0, clap, = 0. (5.37)
For points far from the boundary and in the large-R limit, this gives

(c(w)b(2))e = 2log ('w}; Z') . (5.38)

Equations (5.34)—(5.38) are the only independent non-vanishing two-point func-
tions between elementary fields. Since the theory is free, all higher correlation
functions follow from them by Wick’s theorem.

On CP', the scalar fields 7,7, b, and ¢ have constant zero modes. In contrast,
a and @ have no zero modes, since CP' admits no nonzero global holomorphic or
antiholomorphic one-forms.

Consequently, non-vanishing correlators on CP' must absorb all zero modes. The
bosonic zero modes of v and 7 and the fermionic zero modes of b and ¢ can be

absorbed by appropriate delta-function insertions (see Chapter 4)

5.6 Composite Fields and Delta Observables

A composite field is a local polynomial in the elementary fields and their derivatives,
considered modulo the equations of motion and their derivatives. Following [1,

Section 2.2], we define the space of composite fields by

Sym® Jet(F¢)
(equations of motion)’

F = (5.39)

where
Fr. =C® F".

A composite field inserted at a point z € ¥ is an element of the fiber IF,. The BRST
operator induces a differential of degree +1 on F,, acting as a graded derivation and

commuting with spacetime derivatives. The algebra of polynomial local observables
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is the corresponding BRST cohomology:
O. = Hy(F.) =CI[B, |, (5.40)

where C[B, c] is understood as a graded polynomial algebra, with ¢ odd.

We enlarge F, by allowing the delta operators

o0(a),  o(@), do(y), o(y), AB) aA)  40b), (o),

together with their distributional derivatives and admissible finite products. We
denote the resulting space by
F, C Fe.

The enlarged space contains additional ()-closed local fields, including

5(a)de, 8@ de,  b3(N), (B,

(5.41)
S(B), 6y, dWE).  beMIE),  n=l.

We restrict this extension to Dirac delta distributions and their distributional deriva-
tives, together with their admissible finite products with local fields.
The field 6()\) is Q-closed but also @Q-exact:

d(A) = —-Q(bd (V). (5.42)
More generally,
5 (N) = _n—lkl Qo™ (), n=o. (5.43)

We assume that the extension from F, to F® preserves the TCFT structure, so
that the action of () and the corresponding descent relations extend consistently to
the distributional local fields.

The extended space of local observables is
0F = Hy(F?). (5.44)

We distinguish the polynomial BRST cohomology O, from its distributional

extension O°.
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5.7 Operator Product Expansions

In two-dimensional Abelian BF' theory, we obtain the following OPEs [1, section 2.3]:

T(w)T(2) ~ (jT_(Z;)Q + ZT_(ZQ +reg., (5.45)
Tw)GE) ~ ~ _1 5t 8‘1}(;)2 + gf)z + reg., (5.46)
T(w)G(2) (iG_(ZZ))Q + ?UG_(ZQ +reg., (5.47)
T(w)J(2) (wJEZZ)Q + ZJ_(Z) + reg (5.48)

Thus, J is a primary field of conformal dimension (1,0), while G is a primary field
of conformal dimension (2,0). Similarly, J and G are primary fields of conformal
dimensions (0, 1) and (0, 2), respectively.

We can also verify that the BRST differential is generated by the currents J and
J. For every field ®, one has

(5.49)

where 7, is a small contour around z.
We conclude that Two-dimensional Abelian BF' theory is a topological conformal
field theory.

5.8 Correlation Functions with Delta Observables

In this section, we evaluate several correlators involving delta-function observables

on the complex plane C and on the sphere CP'.

Example 5.8.1 (A correlator on C). We compute

(0(a(w)) de(w) b(2) 0(v(2)))¢

The correlator factorizes as

(5(a(w)) De(w)b(2) S(3(:)))c = (5(aw) (D) (G- (5:50)
Using (4.12), we obtain
(B(a(@) 5 Ne =w=2,  (Oe(w)b(e))e = —— (5.51)
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Hence,

(0(a(w)) de(w)b(2) 5(v(2)))c = 1. (5.52)

Example 5.8.2 (A correlator on CP'). Let

We compute

— (a(w) ¥(2) 5@y o @) o (D)W, o
(5.53)
The correlator (b(x)c(y))p., cpt absorbs the zero modes of b and ¢, while (§(7(2)))z, cpr
absorbs the zero mode of 7; both contribute only normalization constants.
Using Witten’s formula (4.26), we obtain

(a(w)(2) 0y (@) gyt~ 1 1
OO em w7 w2 (554
Up to normalization, we obtain
(a(@)71(2) 0@) W) e = o= 5w =37 (5.55)

As expected from the OPEs, the correlator vanishes for x = z and has poles at w = z

and w = .

5.9 Three-Delta Correlators

Example 5.9.1 (The correlator of §(A), §(B), and §(\)). We compute

(0(A(21)) 6(B(22)) d(M(z3)))c »

where

A=qadz+adz, B=—-i(y—7), A=7+7.

We first replace the bosonic fields with fields a*,@*, v*,7* of opposite statistics.

Since these fields are fermionic, their delta functions are identified with the fields
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themselves. We have then,
1 * —x * —* * —%
wmwm&B@»&M%mmm=me%ﬁauwwaxw—vx@xv+7y%».
(5.56)
Only the terms containing one holomorphic and one antiholomorphic contraction

survive. Using

@E )= @ T E) =
we obtain
i 1 1
<5(A<Zl)) 6(B(Z2)) 5(>‘(Z3))>ferm - \dlele\ (Zl — 23)(21 — 22) + (21 _ 22)(31 _ 53)

(5.57)
The corresponding bosonic Gaussian integral is the inverse of this fermionic result.

Therefore, up to an overall normalization,

|21 — 22|2 |21 — 23|2

(Zl — 22)(21 — 23) + (Zl — Zg)(fl — ZQ)

(0(A(21)) 6(B(22)) 6(A(23)))c = (5.58)

Singular locus of the correlator. The denominator of (5.58) vanishes precisely

when
(21 — 22)(21 — 53) + (Zl — 23)(21 — 22) =0. (559)
Equivalently,
k1 — R .
€ iR. (5.60)
Z1 — 23

Thus, for fixed z5 and z3, the singular locus of z; is the circle whose diameter is the

segment [z, 23).

21

&

z2 Z3

Figure 5.1: For fixed z5 and z3, the denominator vanishes when
21 lies on the circle with diameter |29, 23).

Remark. The same correlator can be obtained on CP' by inserting b(x)d(y(z))d(F(x))
together with ¢(y), thereby absorbing the constant zero modes of 7,7, b, and ¢. More
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precisely,

(0(A(21)) 0(B(22)) 6(A(23))) ¢ ~ lim (6(A(21)) 6(B(22)) 6(A(23)) b(x) 6(v()) 6(V()) () cpr
(5.61)

Example 5.9.2 (The correlator of §(A) and two §(B) insertions). We compute

(0(A(21)) 6(B(22)) d(B(23)))

Using the same construction as before, passing first to fields of opposite statistics
and then returning to the bosonic theory, we obtain directly, up to normalization,
21 — 2|21 — 23/

(0(A(21)) 6(B(22)) 6(B(23)))c = —- (562

(21 — 23)(Z1 — Z2) — (21 — 22)(Z1 — Z3)

The denominator vanishes precisely when

21—23231—23 (563)

21 — 22 21— %2

Thus, the correlator has a pole if and only if the three points zy, 29, and z3 are

collinear.

21 z9 zZ3

Figure 5.2: The singular configuration in which zq, 25, and 23
are collinear.

5.10 Generalized Correlators

Proposition 5.10.1 (General 6(a)-0(y) correlator). Up to an overall normalization,

i

I :ji

néawi n+15 Z; ~ (=1)" - . .64
([T ot TL a0 >>>Wl e T o O

Proof. By Witten’s formula (5.55),

(Mot TH6E))  ~ (5.65)
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where

1 1
1 1
_ | W1 — 21 w1 — 22 W1 — Zp+1
Nn+1 - . . . . nt
1 1 1
Wy — 21 Wy — 22 Wy — Zp41

The first row can be obtained by introducing an auxiliary point x and taking the

limit £ — oo:

1 1
r — 2 T — Zp+1
1
det N, 41 = xh_{rolox wy — 2 W1 = Zn+41 . (5.66)
1 1
Wy — 21 Wy — Zn41

The determinant in (5.66) is a Cauchy determinant. Using the Cauchy determinant

formula and taking x — oo, we obtain

I (wj—w) II (z—2)

n1<i<j<n 1<i<j<n+1

det Ny = (—1) — (5.67)
H (wi — )
i=1 j=1
Substituting (5.67) into (5.65) gives (5.64). O

Proposition 5.10.2 (General correlator in the (b,c) sector). Up to an overall

normalization,
2log |wy — z1| -+ 2loglwy; — z,| 1
[To(w) I1 C(Z'>> ~ | ) | |- (5.68)
<v::1 o e 2loglw, —z1| - 2loglw, —z,| 1
1 . 1 0

Proof. Both b and ¢ have one constant zero mode on CP'. Therefore, one insertion
b(w,) and one insertion c(zs) must absorb these zero modes. The remaining fields are
contracted using Wick’s theorem.
Let
Gij = 2log|w; — 2]

and denote by G™*) the matrix obtained from G = (Gy;)1<ij<n by deleting its r-th
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row and s-th column. Summing over all possible choices of zero-mode insertions gives

<ﬁ b(w;) f[ C(Zj)> ~— an (=1)"* det G*). (5.69)

=1 (C]Pl ’I’,Szl

Expanding the determinant in (5.68) along its last row and last column gives

precisely

— 3 (—1) e det G,

r,s=1

This proves the result. [

5.11 Q-closed observables and Witten’s descent

Proposition 5.11.1 (Correlators of Q-closed fields). [5, p. 180]
Let ®4,..., P, be Q-closed fields in a topological conformal field theory, so that

1. The correlator
<q)1(zl) e q)n(zn)>(j]pl (570)

is constant on the configuration space C,(CP').

2. If one of the fields is QQ-exact, then the correlator vanishes. More precisely, for
any field U,
<Q\I/(Zl) (I)Q(ZQ) cee (Pn(zn»(cpl = 0. (571)

Proof. Since translations are generated by L_;, we have

Since T'= Q(G), one has
L*l = [Qu G*l]'

Using Q®; = 0, it follows that
L—I(Di - Q(G—lél) .
Therefore,

%@MJ@WMZ,ﬂUMQWmG&@M%%Mwwm

7
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Deforming the contour around the remaining insertions gives

;m]{ (J(w) ®y(21) - G_1Di(25) - Pp(2)) dw
— _g QP(z) G Di(z) - Pu(2n))
=0 (5.74)

since Q®; = 0 for all j.
0z (P1(z1) -~ P(zn)) = 0.

The proof of the second property uses a similar argument. [

By Proposition 5.11.1, a non-vanishing correlator of Q)-closed fields implies that

none of its insertions is (Q-exact.

Example 5.11.1 (A nonvanishing correlator on CP'). Consider
((8(a)0c) (21) (b6()3(T)) (22) (BON) ) (28) e(24)) 1 - (5.75)
All inserted fields are ()-closed:

Q(d(a)dc) = —&'(a)(0c)* =0, Q(bd(7)6(7)) = Ad(7)d(7) = 0,

(5.76)
QMS(N) =A6(\) =0, Qc = 0.
The correlator factorizes as
((6(@)de) (1) (b6(1)8(3)) (22) (B3N ) (z8)e(24) )
= (Dc(21)b(22)b(25)c(20) )y oo
X (8(a(21))0(7(22))8(3(22))6(A(2))) gy 5. 1 - (5.77)
Using (5.68), we have
(Oelz)bz2blen)cle)en = (5.78)
Using (5.64),
(5(a(21)) 5(1(22)) 6\ (25) o = 2z = 20) (5.79)

Z3 — 22

The insertion 6(75(z2)) absorbs the 7 zero mode and contributes only to the overall
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normalization. Fixing this normalization, the two factors cancel and give

((8@de) (21) (b6(1)5(7)) (z2) (b6 ) (=) el2)) g = 1. (5.80)

CP?

By Proposition 5.11.1, this nonvanishing correlator implies that none of the
inserted fields
Sa)de,  b3()I(T),  bIN), e

is Q-exact on CP'.

Remark. If we replace §(a)dc in (5.75) by 6(a)0c, the correlator is again equal to 1.
Hence, by Proposition 5.11.1, 6(a)dc is not Q-exact.

Definition 5.11.1 (Witten’s descent of observables). [5, Section 6.6.1] [1, Section 2.5]
Let ®© be a Q-closed observable. Witten’s descent associates to ®© a tower of

differential-form-valued fields

o) oM, o2,
satisfying the descent equations
der—) = Qo®  p=0,1,2, (5.81)
with the convention (-1 = 0. Thus,
Qo =0, QI = 4o, QP = qoM, (5.82)

Since X has real dimension two, the descent tower stops at form degree two.

The descendants define extended observables. Since v C ¥ is a closed one-cycle,

then
j’{ FE
Y

is (Q-closed. Similarly, if 3 is closed, then

/ 2
P

is also ()-closed. A deformation of the two-dimensional Abelian theory therefore takes

the form

S S+ g/Z 0@, (5.83)

where ¢ is a deformation parameter.
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To construct an explicit solution of the descent equations, we define

=—-d:G_,—dzG_, (5.84)
The first descendant is then
W =100 = —d:G_1 0 — dzG_, 0" (5.85)
The second descendant is
@QLZ;r%wmzz—dzAde_ﬂ14¢@> (5.86)

The operators G_; and G_; act as graded derivations on the algebra F°. Their action

on the elementary fields is given by

‘ c v ¥ b a a
G.i|—a 0b 0 0 0 O. (5.87)
G_y|—-a 0 db 0 0 0

Their action on general composite fields is then determined by the graded Leibniz
rule.
We define the total descendant of ®© by

=00 oW 4 @ (5.88)

Example 5.11.2 (Total descendants of delta observables). The total descendants of
cand B are
C=c+ A, B = B — «db.
we also have,

—_~—

5(B) = 6(B) +idzdb&'(B) — idz9b4'(B)

_ (5.89)
— dz A dz9bdbd"(B).

Similarly, modulo the equations of motion, the total descendant of §(a)dc is

—~—

d(a)oc = d(a) Oc+ dzé(a) da (5.90)

Proposition 5.11.2. /5, section 6.7] Let ®q,..., P, be Q-closed observables. The
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correlator of their total descendants,

G = (®1(21) -+ Dn(20)) (5.91)

defines a closed differential form on the moduli space M,,. Its total degree is equal
to the total ghost number of the product ®, ---®,,.

Example 5.11.3. Consider the four-point correlator

Ga = (#1) Blz2) BO()OG) () 2(z0))
CP

The total ghost number of
c(z1) B(22) b6(7)0(7)(23) c(z4)
is +1. Therefore, G4 is a one-form on M, 4. Explicitly, we obtain

G4 = 2darg(§) (5.92)

z21—22)(23—24)

where £ = En%g)(mfa)’ is the cross-ratio of the four marked points z1, 2o, 23, 24.

Example 5.11.4. Let
X = d(a) Oc, X =(a) Oc, © =0b0(y)0(7).

Counsider the correlator

Flz1, 22, 23, 2) = <(XX)(21) & (z2) O(z) 5<z4)>@1 .
As before, the total ghost number is +1. Hence, F is a one-form on Mj4. We obtain
F(21, 22, 23, 24) = d¢] (5.93)

Proposition 5.11.3. [1, section 2.6] The space of local 0-observables O° carries the
structure of a supercommutative BV algebra. Let ®; = <I>§°) and ¢, = CI)gO) be two
Q-closed observables.

The supercommutative product is induced by the OPE:
O (w)Py(z) ~ (Cbl : <I>2) (2) modulo Q-ezact terms, (5.94)

where ®1 - @5 is again a Q-cocycle. Thus, in QQ-cohomology, the OPE is constant and

induces a supercommutative product.
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The Poisson bracket of degree —1 is defined by

(@1,2)(2) = 5= f B (w) @), (5.95)

27T1 .

where Yz 18 a contour around z, and
1 0

is the first descendant of ®;.
The BV Laplacian, also of degree —1, is defined by

A =Gy — Gy (5.96)

For the two-dimensional Abelian BF' theory, the only nonvanishing brackets

between the generators of O° are
(¢, B)=—1, (c,6M(B)) = —0*(B),

. i i (5.97)
(be) =1, (¢,0) = 500 (M(F) — 5 b ().

where

O = bd(7)5(7).
Moreover, the BV Laplacian A vanishes on all the generators of O?.

One of the goals of this thesis is to construct a family of correlators of total
descendants of ()-cocycles that are independent of angular variables and extend as d-
closed forms to the Deligne-Mumford compactification of My ,,. The only non-trivial
correlator we have obtained so far is:

((8@)de) (21) (D(NO)) (z2) (6N (25) e24)) gy ~ 1 (5.98)

CP!

Its degree is equal to its total ghost number, which is zero. Therefore, it defines a
d-closed 0-form on
Mo,4 = (C]Pl \ {0, 1, OO}

Since the correlator is constant, it extends smoothly to the Deligne-Mumford com-
pactification
M, = CP.

The existence of analogous correlators of higher degree remains an open question.
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Chapter 6

Two-Dimensional Abelian BF
Theory with a Superpotential

6.1 N-Component Abelian BF Theory

We consider the N-component Abelian BF theory by replacing the BRST space of
fields Fprst in (5.8) by
Fn = Ferst @ RY.

The action is
SN:/BidA“r)\id*A“rbid*dci. (6.1)
b

The elementary correlators are

(@), = 2, (@@, =~ (=), = 26} log

u—z U—z

u— 2|

(6.2)

We deform the N-component Abelian theory by introducing a superpotential in

the ghost fields ¢’, inspired by the approach of Losev, Mnev, and Youmans for the
non-Abelian theory [1, 15].

6.2 Superpotential Deformation

Let
00 = W(e),
where W is a polynomial containing only even monomials in the fields c':

W)=Y Wole),  Wale) = (;p)'uc i, (6.3)

p>1
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By Witten’s descent, the first descendant is

LOW
oct

oW = A

The second descendant is

9*W (c)
0cl Ock

0¥ = —;Af A AF

We deform the action by the integrated second descendant:

S, = S +g/20<2> — S — g/EAi /\A"“%Z‘éi?.
6.3 Equations of Motion
The equations of motion of the deformed theory are
da* =0, oak =0,
2 0ve + g @ 8;;/8(2 =0, 200y, + gaiw =0,
2i 00by, + gaiaﬂ‘(m = 0.

6.4 BRST Operator and BRST Current

6.4.1 BRST Operator

We write the deformed BRST differential and action as

Qg = Qo+ 9@, Sy = So + g5i,

where (g is the BRST differential of the free Abelian theory and,

O*W (c)
oct Ock

1 )
Si=—5 [ ATnar
2Js
BRST invariance at first order in g requires

QoS1 + Q150 = 0.
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Using QoA = dc?, we obtain

0?W (c)
Oct Ock

QoS = —/ dé A AF
>

Since

PWi(e) . . ow
k i __ Ak s
A Oct Ock de' = A d(@c’“) ’

integration by parts gives

ow
Si= [ aa =
QoSy = | dA™
This contribution can be cancelled by varying By in the free action. We therefore
choose oW
By =———-. 6.11
QB =28 (611)
The remaining BRST transformations are unchanged. Hence
, , . ow
A =dc =0 B =—g—-,
oz < @y =0, oz 99 (6.12)
ngi = )‘ia Qg)\z = 0.
It follows immediately from (6.12) that Q7 = 0 off shell.
6.4.2 BRST Current
The deformed BRST current is
,OW
Tt = Jopsr + 9 A s (6.13)
where J](;i%ST is the conserved BRST current of the free theory.
In complex coordinates, we write J](ggP%ST =dz JY9 4+ dz J9 where
A oW - = . OW
J9W = —2iy,0c¢ + ¢ a’T, JW = 2i7,0¢" + gd’T. (6.14)
c c

In the deformed theory, the chiral conservation laws (5.21) do no longer hold

separately for J@ and J©).

Proposition 6.4.1. The deformed BRST current admits the decomposition

sy = J¢ + T, (6.15)
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where

T = —2idz 7,0 + gdz ai%W, I =gde ai? +2idzy,0¢. (6.16)
ct c

Both currents are separately d-closed on shell:
(9 (9
dJ; iy 0, dJy "y 0.

Proof. Using the definition of J% in (6.16), we obtain

(9) _ =19, 9 i 0w
dJ;” =dz Ndz [2@ 8(%30) +g0 (a 30’)1
ow L OPW
50 +ga 50 aczﬁc’ . (6.17)

=dzNdz [22’ 07; Oc' + 2i ;00¢" + g (0a’)
Using the equations of motion (6.7),
20 = 0, oa’ =0,

we find

(.= _, OPW ,
dJég) =dzNdz (2287j +ga 50 60’) oc.

The expression in parentheses vanishes by the equation of motion for v;, and therefore
419 = 0.

Since the full BRST current is conserved and J}(g(gST =J ég) +J 1(%9), it follows that

6.5 Stress-Energy Tensor

g /Z O

is independent of the metric. Therefore, the metric dependence of S, is the same as

The interaction

in the free Abelian theory and comes only from the Hodge star in the gauge-fixing
term (5.11).
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The deformation leaves Gyo; = (dz)? a’0b; + (dZz)? a'0b; unchanged. Since

ani = _aci’ ani = _gciv ngi = A,

we obtain

Q,Giot = (d2)* T + (d2)*T

| | o (6.18)
T = ala)\i + 061 801, T = o_ﬂa)\l + 8171 oc'.

Here T and T denote the holomorphic and antiholomorphic components of the

stress-energy tensor, respectively. By (6.7),

o ~ 0, 9T ~ 0. (6.19)
EOM EOM

6.6 Examples of Correlators

The interaction term is

2T/Vc
mtz—g/aa”

oc Ocl
Since 82W( ) .
c ‘ 4
¢t Oc =1 (2p—2)!
we obtain
Sint = —g Z/ 2)! Hjiig--ig, @ @it
p>1

In the diagrams below, thin solid lines represent a-legs contracted with y-insertions,
thick solid lines represent a-legs contracted with ~4-insertions, and dashed lines

represent c-legs contracted with D-insertions.

Two-Point Correlator

We first consider

O, = 5 5 oy f e (o) 0P 0) - (230,

g d*u
~ 9. _ 2
pe LY e (6.20)

u—z)(u—w)

The integral over C is infrared divergent. We regularize it, as in the prescription
used in [15, Appendix A], by replacing C with the disk D = {u € C | |u| < R}.
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This gives
o (5(w)), = 2 plog T2
7 ’yj g 47T :u] g |z—w|2
|z — w]?

R2

_9
4

pij log

The corresponding connected diagram is

%i(2) — Wa(u) <— 7;(w),
with
Wa(u) = py: a*(w)a (u).

W2 (U) B
(%) . 75 (w)

Figure 6.1: Feynman diagram for (y;(2)%;(w)),.

Four-Point Correlator

We now consider

<7m(2)%(w)br(y)bs(flf)>g
= T [ s (0 () ()6 ()6 ()3 (2T (w0 ()5 ()

= 9y 2 O () (b))

+(9(R_2) , R — oc.

(6.21)

5 5 3
= o [ s G (@b ol (b))
(b (a)ole? Wb (9)o) P
29 log ul_%xlogu_y‘

d?u.

T “”m”/ (u—2)(a — )

This correlator also has an infrared divergence.

Vm(2) ¥ n(w)

Figure 6.2: Feynman diagram for (7,,(2)%,(w)b.(y)bs(x)),.
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General 2p-Point Correlator

Consider
(Y (2)Fn (W), (03) -+ - by, (w3)) -

g
Then

(o) ()b (1))
5i 8

= 477_(2199_2)' / Hjiig--iop (u — Z)(ﬂ — w) <Ci3 (u) el (u)bj3 (Ig) e bj2p ($2p>>0

= 47T(2pg_ 2)! /( Hjiig--igy _ Z (_1)0Ig<6ik(u)bjo(k)(x0(k)>>0 d2u

u—z)(u—w) 5,

ﬁQlog‘u_xk
k=3 R

(u—z)(u —w)

-9,
Ar Hnmgs-jap

d*u.

For large |ul,

lu| > |z, [ul > |z, lul > |w],
we have
ﬁ lo ’u — k[’
k=3 g R - 10g2p_2 |U|2
(u—2)(u—w) |ul?

In polar coordinates, u = re?? and d*u = r dr d#,

2p—2/.2 2p—2
/log (r) rdrdf ~ 2w / —log (r/R) dr

72 r
2w T
~ T oe?Pl
w—12 R
bj3 (1}3) . , bj2p (l‘zp)
W) ~
Vm(z) ¥ '7n(w)

Figure 6.3: Feynman diagram contributing to (v, (2)¥n(w)bj, (x3) - -
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Correlator on the Sphere CP!

We now investigate this infrared divergence on the sphere. Consider

Figure 6.4: Feynman diagram contributing to (6(7;)(z1) vi(2) 6(3;)(22) 7;

=21
&
g/

A new ()-closed Observable

For the W-deformation, a new ()-closed observable is W;(c) 0(B;).

Consider

<%<zm<z?> T b ()60 ) T wr<c><yr>6<Br><yr>>

r=1

o KGO IEALIPICALIAINY
(6.26)

We have

<ai<u>%;(21)5()\i)(xi)d(Bi)(yi)>0 ~ _ B

)
u—z1 U —1Y; u—x;

and similarly,

(@ ()3 ()50 ()8, (), ~ e = —— = ——.
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Therefore,

<’7@ 21 7] <2 1:[ br H WT’ B )(yr)>

r=1 r=1
1 1 2 1 1
N/( )( S _)d%. (6.27)
u—z1 u—yl U—.%i U—ZQ uU—yj U—1;

This integral is ultraviolet- and infrared-finite.

For z; = y; and z; = y;, it becomes

/( 1 _ 1 ) 1 _ 1 .
uU— 21 U — T; U—2y U—Ij

Sending both z; and z; to infinity reproduces the two-point correlator computed

previously. The infrared divergence can therefore be understood as arising from
the zero-mode fixing prescription used when passing from CP' to C: If the soaking
insertions are placed at the same point, their operator product with the interaction
becomes singular. Keeping their insertion points separated therefore provides a
natural point-splitting regularization.

For instance, taking
x; = 00, z; € CP'\ {0},

the corresponding propagator is

(Vi(21)75(22)),, :/ ! <_ 1_ — 1_j>d2u

J uU—z U — 29 Uu—T;
= 2log | L —22|. (6.28)
21— Xy
6.7 Feynman Rules
Recall from (6.3) that
c) =2 Wa(c)
p>1
where W, is homogeneous of degree 2p in the fields ¢'.
The interaction associated with W5, is
g ) 7
Vap(u) = " (ap = o)1 Miiing @ u)a (u)c™ (u) - - " (u). (6.29)

Each interaction vertex contains one a-field, one a-field, and 2p — 2 c-fields. Since
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the only non-vanishing free contractions are
a— 7, a < 7, c<—b,

a Vo,-vertex is connected to one vy-leg, one y-leg, and 2p — 2 b-legs.

Two interaction vertices cannot contract with each other, since
Vaop(u)Vay(v) ~ regular.

Hence no ultraviolet divergence arises from collisions of integrated vertices. Infrared
divergences may still arise in correlators containing v, 7, or b legs.

For correlators of elementary fields, every interaction vertex forms a one-vertex
star diagram as shown in the previous examples. We can conclude that every non-
vanishing Feynman diagram of such correlators is a finite disjoint union of such stars

and purely free propagator lines.

6.7.1 Selection Rules

Consider a correlator of the following form:
<(I)1(Z1> e (I)n<zn)>g ) (I)z S {CL, EL, v, 7)/7 b7 C}' (630)

Let Ng denote the number of insertions of the field ®. If a non-vanishing diagram

contains V' interaction vertices, then the a—y and a—y contractions imply
N, =Ny =N3y—Ng=V2>0. (6.31)

Suppose that the r-th interaction vertex comes from the homogeneous component

W, Since this vertex contains 2p, — 2 c-fields, the b—c contractions further require

N, — N, = zv:(Qpr —2). (6.32)

r=1

Proposition 6.7.1 (Correlators of elementary fields). Consider a correlator (6.30)

with pairwise distinct insertion points.

1. The correlator receives contributions from only finitely many Feynman diagrams.

Fvery diagram is a finite disjoint union of one-vertex star diagrams.
2. The corresponding Feynman integrals are ultraviolet finite at separated points.

Proof. The claim follows immediately from the preceding discussion. O]
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Proposition 6.7.2. Consider a correlator (6.30) with pairwise distinct insertion

points.

1. If every vy-field in the correlator is differentiated, then every contributing diagram

is infrared convergent. The same statement holds if every y-field is differentiated.

2. If the quadratic component is absent, Wy = 0, then differentiating every b-

field in the correlator is sufficient to make every contributing diagram infrared

convergent.
Proof. 1. By the power-counting argument of Subsection 6.6, a W3, vertex behaves
for large |u| as
log™ " [u
ul>

Differentiating every v-field replaces one factor 1/(u — z) by 1/(u — 2)?, so the

integrand behaves as

which is infrared convergent. The same argument applies when every 7-field is
differentiated.

2. If Wy = 0, only vertices Wy, with p > 2 contribute. Differentiating every
b-field replaces each logarithmic factor by a factor of order |u|™!. By the same

power-counting argument, a Wy, vertex then behaves as

1

Juf?”

whose radial integral is convergent for p > 2.

Example

Consider the correlator

<’7m1 (Zl)f)/mQ (22)77713 (23)’_}/”1 (wl)’%m <w2);}/n3 (w3)b7“1 (y1>b1“2 (yQ)st <y3)b7”4 (y4)>g : (633)

Since
N, = N5 =3,

the selection rule (6.31) implies that a non-vanishing diagram must contain exactly
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three interaction vertices,
‘/2p1 Y ‘/2]32 ) ‘/2133 *

On the other hand, there are four b-insertions and no external c-fields. Hence
(6.32) gives
(2p1 —2) + (2p2 — 2) + (2ps — 2) = 4,

Up to permutations of the three vertices, there are therefore two possibilities:
(2p1, 2p2, 2p3) = (2,2,6) or (2,4,4). (6.34)

The corresponding diagrams are shown below.

First possibility:

Vau Vo U Ve.
Va _ Va B Vs _
Yma ® Vr{ma ® Vrgms - Tns
b7‘1 b;é b;3 br4
Second possibility:
VouvV,u vy,
Va _ Vi B Vi _
Yma ® Vn{ma Jat Yrgms Al Tns
bm b7”2 bTB bT4

6.8 Operator Product Expansions

The deformation generates new OPEs between the elementary fields. We denote

OFW (c)

Wiy (6) = 5o
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The 77 OPE

At first order in g,

we) ~ L [ )

Expanding around z gives

()5 (2) ~ L Wige()) + (= ) Wy (e) o P o (639
Similarly,
() ~ & [Wyle@) + (@ - 2) W (e og 24 (636)

Since A\; = 7; + 7, the leading logarithmic terms cancel:

Ai(w)Aj(2) ~ vi(w)7y;(2) +Fi(w)y;(2).

Hence
2
g w—z S
)\z(w))\](z) ~ —Zlog | R2 ’ {(w — 2) 8VVU<C<Z>) - (U} — Z) 6WZ](0(Z'))} + .-
(6.37)
The symbol - -- denotes subleading terms in the separations w — z and w — z,

including terms of the form
(w — 2)*(w — 2)" log |w — 2|2, k, 0> 0, k+1¢>2,

together with terms regular at w = z. These terms are continuous at w = z but are
not, in general, smooth there. They must therefore be retained when deriving OPEs
involving derivatives of the elementary fields, since differentiation can turn them into

singular terms.

The vb OPE

We have

ju — =f?
(5
~ L fu L G W) (6.38)
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Using

log(’u _ Z|2>
2 )2
d*u R = —m(w — Zz) [log ’wR;’ — 1] + regular,
u—w
we obtain
jw—z*
3w)by(2) ~ 4 (0~ 2)log " EE @MW (e(2)) + -+ (6.39)
Similarly,
_ g w—z*
Fw)by (=) ~ & (w— 2)log " E0 b We(2) + -+ (6.40)

Here the omitted logarithmic terms have total order at least two in w — 2 and

w— Z.

The b0 OPE

The double contraction of the two b-fields with the interaction vertex gives

)by (2) ~ & 0 (21 (2) Wi el2) o — 2Plog 2 ()

Here the omitted logarithmic terms have total order at least three in w — z and

w—Zz.

6.9 Quantum Equations of Motion

We now verify that the classical equations of motion (6.7) continue to hold at the
quantum level, namely inside correlators away from the insertion points.
More precisely, if Fg denotes the equation of motion associated with a field ®, we

want to show that

(Bo(2) B1(21) -+ Pulza)), = 0, 24 21,000, 20, (6.42)

Proposition 6.9.1. The classical equations of motion (6.7) hold at the quantum

level inside correlators, away from the insertion points.

Proof. We first consider the equation of motion for 7. Expanding perturbatively,

(2107(2) 1+ ®,) =3 (LL:)]]VVN'//N <2i5fyk(z)ﬂO(Z)(ur)d)l---<I>n> .

9 N>1 r=1
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At order N, there are N possible interaction vertices with which 9v;(z) can

contract. For one such vertex, we obtain

200(2) | OP(u,)

Ur

= 1 » O*WwW
— =21 [0 (=) # ) g ()

: PW
= —21%/5(2 (z —u,)d (u )(9 0 (ur)dur du,
_; PwW
= —4nad( )ack’ 803'( ) (6.43)
Therefore
210 Py ®
< 107k(2) @y ">g
N 2117 N-1
g N(—4n) /_; O°W
— D,
N%:l amvvt \* ok a0 Hl O () @y .
gN-1 oYW N-l
a’ . O (u,)®,---®,
gN2>:1 47TN (N —1)! <a dck Oci 7«1;[1 (1r) 0
. O*W
— _glai
=g <a (Z)ack 50 (2)®, <I>n>g. (6.44)
Hence P21
) e =
<<21 Ove + ga Dok 8cﬂ> ()P, (I>n>g =0. (6.45)
The equation of motion for 7 follows analogously.
Equation of motion for b;.
The same reasoning applies to by. We have
/ 21 Dby (2) O (u,)
_ 3
— 2i / a'(u,)a@ (u,) 001og |z — u,|? 80’?5)3/803(%) (6.46)

Using
20log |z — u,|> = 76D (2 —u,),

the interaction vertex collapses at u,, = z. Repeating the same combinatorial argument

as above gives

_ - OPW
g
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The remaining equations in (6.7) are linear and follow in the same way. Hence all
the classical equations of motion hold inside quantum correlators away from contact

terms. OJ

Corollary 6.9.2. The holomorphic and antiholomorphic components of Gyt and of

the stress-energy tensor remain conserved at the quantum level:

G = 0, IG =0, oT =0, oT =0, (6.48)

inside correlators away from contact terms.

6.10 OPEs of The TCFT Currents

We recall the holomorphic BRST current and the field G,

JW = —2i~,0¢ + gai%zj7 G = a'db;. (6.49)

The holomorphic component of the stress tensor is initially written as
T = a'O\; + 0b; Oc', Ai =% + i (6.50)
Using the equation of motion for 7;, we have
a'9y; =0,

and therefore, on shell,

T ~ a'dy; + 9b; Oc'. (6.51)

In the following OPE computations, we use this on-shell expression for 7. The
composite fields J¢ and G, together with their antiholomorphic counterparts J
and G, do not require any normal ordering.

The stress-energy tensor 7', on the other hand, is defined using a point-splitting
prescription. The singular contributions arising from the a'dv; and 9b; Oc' sectors
cancel against each other, so that the final expression for T" does not require any

additional renormalization.
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The J9(w)G(z) OPE
We have

JO ()G (z) ~ (-21 v0c + gaiéX) (w) (a?0b;) (2)
2i

~ (8(:](% ) (2) — (w —2) a'(z)vi(w) + (w—2)3
Since
i,.] 82W _
“ocac

by antisymmetry of 9*W/0c’dc", the deformation does not contribute to the polar

part. Expanding v;(w) around z, we obtain

2iN  2id'y(z) 2T(2)
(w—2)3 (w—2)2 w-—z

+ reg. (6.53)

k
Here and below, reg. denotes terms non polar at w = z, of the form (w_z) .

The T(w)G(z) OPE
We have

T(w)G(z) ~ (a'0vi + Ob0c') (w) (a’db; ) (2)
a'(w)Obi(z) | Ob(w)a'(z) (6.54)

(w—22  (w—z2 %

Expanding the fields at w around z gives

2G(2) N 0G(z)

T(w)G(z) ~ . + reg.

(w—2)?2 w-—
The additional contributions from the deformed bb OPE are nonpolar and do
not contribute to the singular part; the remaining terms vanish by antisymmetry.

Therefore,
2G(2) 3G (2)

(w—z)2 w—z

T(w)G(z) ~ + reg. (6.55)
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The T'(w)T(z) OPE

We write
T(w)T(2) ~ (a'dy; + Obidc’) (w) (a?0ry; + 9b;0¢7 ) (2). (6.56)

The free contractions give

27 (2) N oT'(z)

T(w)T(z) ~ w22 T w—s

The additional terms involving the deformed 7, vb, and bb OPEs are nonpolar

or vanish by antisymmetry. Hence the Virasoro algebra is unchanged:

27(z) , IT(2)

(w—2)?? w-—=z

T(w)T(z) ~ + reg. (6.57)

In particular, the central charge remains ¢ = 0.

The T(w)JY9(z) OPE

Finally,

T(w)J9(z) ~ (aia% + abiacZ) (w) (—21 ,0¢ +gaj?;g> (2). (6.58)

The free part gives the usual transformation of the BRST current, while the
additional contractions involving the W-dependent term are either regular or cancel

by antisymmetry. Therefore,

+ + reg. (6.59)
z

are all regular.
We therefore recover the same OPE structure as in the free theory. This shows

that the deformation preserves the local conformal invariance of the theory.
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6.11 Quantum BRST Operator

Definition 6.11.1. As in the free Abelian BF theory, we define the quantum BRST
operator by

1
Quuanem®(2) = 1= § ks (w) @(2), (6.60)
where
Tifhse = dw ] + dio ]9,
with oW oW
J9 = 2iy,0¢ + g aiT, J9) = 2i7,0c" + gaiy. (6.61)
c cl

Proposition 6.11.1. The quantum BRST operator satisfies the following properties:

1. Qquantum agrees with the classical BRST differential Q4 on all elementary fields

and their derivatives;

2 —N-
2. Qquantum - 07

3. the stress-energy tensor is Qquanmm—emct,

QquantumG =1T. (662)

Proof. We prove the three statements separately.

1. Using the OPEs of J© and J with the elementary fields and taking the

corresponding contour residues, we obtain

C?quauntumcz = 07 Qquantumal = _8617 QquantumdZ = _8017

igow _ igow (6.63)

vantum )i — T 5 4 . vantum )i — 5 5 uan umbz‘ - )\z
Qq t Y 2 801 Qq t Y 2 801 Qq t

Here
)\i =Y + Y Qquantum/\i = 0.

These are precisely the classical BRST transformations generated by (),. Since
the contour action commutes with derivatives, the same statement holds for all

derivatives of the elementary fields.

2. For nilpotence, we use the current-current OPEs

4ig

JD(w)J9(z) ~ oW (e(z2)), (6.64)

w—z
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and 4
TO () J@ () ~ ——7

w—Zz

oW (c(2)). (6.65)

The mixed OPEs J9 (w)J¥(2) and J9 (w).J¥(z) contain only nonpolar loga-

rithmic terms and therefore have vanishing contour residue. Hence

b Jihise () T (2) = —87g AW (e(2)). (6.66)
The double contour defining quantum is therefore proportional to
dW(e(z)) =0,

Yz

since dW is an exact one-form. Hence

2 = 0. (6.67)

quantum

3. Using the OPE between the holomorphic BRST current and G,

2iIN 2iaiv(z)  2iT(z)

TOw)G(z) ~ (w—12)3 (w—2)? w-—z

+ reg., (6.68)

only the simple pole contributes to the contour integral. Therefore

1
QuuanunG(2) = - § Jise(w)G(2)
1 . :
= E(27r1)(—21) T(z)
=T(z). (6.69)
Thus,
QquantumG =1T. (670)

6.12 Broken R-current Symmetry

Contrary to the free theory, the deformed theory no longer possesses the same twisted
superconformal structure [1, Section 2.7]. In particular, the original U(1) current ~;a’
is no longer antiholomorphically conserved.

Assuming that W is homogeneous of degree p, we define a modified R-symmetry
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through the phase rotations
al — e'a’, vy — e 1%, ¢ —s e e by —> e'p2b;. (6.71)

The corresponding Noether current is

) ) 1 — .
Jp = <%~OLZ - cZ(%Z) dz + o b;0c" dz. (6.72)

p—2 p—

Using the equations of motion and the homogeneity of W, one verifies that

dJ, = 0.

However, this modified current does not restore the twisted superconformal algebra.
Indeed,

20 cy(2) 1 [p—1
J(w)J9 (2) ~ — o . .
(w)JY(2) p—2(w—z)2+w—z[p—2jo(z)+ + reg., (6.73)
which is not of the required form
@ JW) ()
Jr(UJ)J g (Z) ~ m + reg. (674)

The BRST current does not have the standard R-charge, and the twisted supercon-

formal structure of the free theory is not recovered.

6.13 Deformed (),-Cohomology

6.13.1 Local (),-Cohomology

As in the free theory, we define the space of composite fields by

Sym* Jet(E¢
F .= ym* Jet(Fe) (6.75)
(equations of motion)
and denote by [, its fiber at z € . The polynomial local observables are
O, = H, (F,). (6.76)

We also consider the distributional extension

F. C F°,
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obtained by allowing Dirac delta distributions of the elementary fields, their distribu-

tional derivatives, and admissible finite products. Its cohomology is
6 . . 6
0! := Hy, (F), (6.77)
where Qg denotes the distributional extension of @),.

Free theory. For g =0, we recover the free BRST differential ()y. Its polynomial

cohomology is
O.0=H,(F.) =C[By,..., By @A, ..., cM). (6.78)
The extended cohomology is
0= Hy, (F2).
Natural Qp-closed distributional representatives include

5(a®)oc', §(a)oc', bid (N, 5™ (By),

(6.79)
0 (), M), bb(w)e(),  n=0.

Deformed polynomial cohomology. After the deformation,

. ow
Q4 =0, QB = —gWi(c), Wi(e) == R

On the polynomial algebra C[By, ..., By] ® A(ch, ..., c"), the differential reduces to

N
)
Q, = —g; Wi(c) 9B (6.80)
The polynomial (),4-cohomology is
O.=H*(C[By,...,By]®Ac,...,c"),Q,). (6.81)

Extended cohomology. The distributional extension of the differential is

N9 .9 .0 9 g o g 9
@y = ; (A’ b~ a0 —9Wilgg — 5 Wilag] + 5 Wile) a%) '

(6.82)
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In particular,
ds(n n+1
Q™ (B) = —gWi(c) " (B),  n>0. (6.83)

The fields §(B;), 6(i), 0(7;) and their derivatives, as well as b;5(7;)d(%;), are therefore
no longer Qg—closed in general. For g # 0,

1
Wi(c)6™(B;) = ~ Q5" V(By), n>1, (6.84)

so these terms yield no new cohomology classes.

For each i, with no sum over i, the following fields are Qg-closed:

§(a")oc’, 5(&i)5ci, bio(\;),
(6.85)
Wi(c)o(By), biWi(c)d(7i)o (Vi)

The closure of the last two representatives uses W;(c)? = 0, since W;(c) is odd.

The extended cohomology is
o . 1)
0} = Hys (F), (6.86)
and contains, in particular, the classes represented by

5(a)oc',  8(@)oc,  bid(N),  Wil)d(By),

together with their admissible products. For a general W, further relations may arise

from relations among the functions W;(c).

6.14 Special Cases

6.14.1 Quadratic Potential

Non-degenerate Quadratic . Let

1 o
W(c) = 5 wic'c. (6.87)
Then oW
Wl(C) = % 'UJWCJ
If
detw # 0,



we have

QgBi =g wijcj-
We can therefore introduce the new variables
d = —gw;d.
Since w is invertible, this defines an invertible change of variables, and
Q,B; = ¢, Qqc; = 0.
Thus (B;, ¢) form contractible pairs, and consequently
O, ~C. (6.88)

Among the distributional representatives considered above, the classes that remain

Qg—closed are represented by

They generate a subalgebra of the extended cohomology,

5(a)dc, 8(a)dc, bids(N), Wie)s(By)). € O, (6.89)
( )

alg,i=1 — %
Degenerate quadratic W. Let

W(c) = s wydd = wyd'd. (6.90)

2 i<j
Assume that w # 0. Then there exist ey, e € V' such that
w(ey, ea) = my # 0.

Define

U, := span(ey, €2).

On Uy, the bilinear form w is represented by
| 0 ma
wl,; = )
U —1m 0

Ui :=={veV]w,u) =0 for every u € U, }.

We define
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Then
V=U oUi.

If
w’Ull 70,

we choose ez, e4 € UlL such that
w(es, eq) =ma # 0,
and continue in the same way. We finally obtain a decomposition
V=UaolU,®---0U, DK, W =0, (6.91)

where

U; = span(eg;_1, €3;), 1<i<r.

In this basis, w can be written as

0
and
rank w = 2r.
The quadratic potential takes the form
W(e)=> m;c® ™. (6.92)
i=1
For ¢ =1,...,r, we therefore have
ow GW__ 2i-1
He2i-1 e, oc2i m;c :
Hence

2i 2i—1
Q9B2i71 = —gm;c, QgBQi = gm;c .

Thus
(BQi—la CQi)a (BQZ', Czi_l), 1 S Z S T,
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form contractible pairs. The variables corresponding to the kernel of w remain in the

cohomology, and we obtain

O, ~C[Bary1,...,By] @ AP, ..., cN). (6.93)

é

¢, additional distributional classes survive. In

For the extended cohomology O
particular,

5(a)oc,  8(a)dd,  bis(\), i=1,...,N,

remain Qg—closed.

Moreover, for the kernel directions
j=2r+1,...,N,

we have

and therefore
QgBj = 07 ng}’j = 07 Qg:)/j = 0.

The corresponding distributional operators

5™ (B;), 5™ (y), 5™ (3, b;0(7;)0(7;), n >0,

are also Qg—closed.
Thus, for a degenerate quadratic potential of rank 2r, the extended cohomology

O? contains the polynomial cohomology
C[BQT+1, e 7BN] X A(CZTJrl, e ,CN),

together with the distributional classes represented by

5(a)oc',  8(@)ac,  bis(N), i=1,...,N,

WZ(C)(S(BZ), 1= ]_,...,27”7
(6.94)
s"(B), (), d™@H), i=2r+1,...,N, n>0,

General W with non-degenerate quadratic part. Let IV have a non-degenerate

quadratic part. Write

Wiie) i O

) = o w4+ Pi(e), (6.95)
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where w is non-degenerate and P;(c) contains terms of degree at least three in the
fields ¢’. We then have

¢ = (w)"Wi(e) = (w )" Fi(c).

Substituting this expression recursively into the higher-order terms yields, after

finitely many steps,
A(ct, ..., Ny = AWile), ..., Wx(e)). (6.96)

Since

QgBi =g VVZ'(C)u QQVVZ(C> - 07

the change of variables

¢ = Wi(e)

is invertible, and the pairs (B;, ¢;) are contractible. This yields
0, ~C. (6.97)

As in the non-degenerate quadratic case, among the distributional representatives

considered above, the classes that remain Qg—closed are represented by
§(a")oc’, §(a")oc’, bio(\;), Wi(c)d(By), 1=1,...,N.
They generate a subalgebra of the extended cohomology,

(8(a")dc', 5(@)dc', bis(\), Wile)3(B)) < O, (6.98)

alg,i=1 — %
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Chapter 7

2D BF Theory with the Delta

Deformation

7.1 J-interaction

We consider the observable
OO = §(a) dcd(a) dc.
By Witten’s descent procedure,

oW =100 = —dzG_,0 - dzG_,0
= dz6(a) dad(a)dc — dz §(a) dcd(a) Oa,

and

0% = —dzndzG_,G_,00

= —dz ANdzd(a)dad(a) da.

The deformed action is

ngso+g/20<2>

:21/ dz A\ dz <75a+wa+baéc+ié(a)aaé(a)éa>.
b))
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7.2 Equations of Motion

The equations of motion of the deformed theory are

219y + g d(a) 0(5(a) da) = 0, (7.5)
2i 07 + g 0(0(a) da) 6(a) = 0.
7.3 Deformed BRST Operator and Current

We write the deformed BRST differential as

Qg = QO +gQ17

where @y is the BRST differential of the free Abelian BF' theory. From (7.4), we

write

S,=So+9gS,  Si= /Edz A dz 8(a) Ha §(a) Da.

BRST invariance at first order in ¢ requires
QoS1 + Q15 = 0. (7.6)
After integration by parts and discarding boundary terms, we obtain

QoS = /Z dz A dz [5(a) 8(5(a)0c) 9a
— (a) (5(a)dc) 8@} . (7.7)
On the other hand,

Q15 = Qi/Edz A dz [(Quy)da + (Qi7)0a) .

The contribution in (7.7) is canceled by choosing

Q1 = 535 A(5@dc), Q= —- (@) A(5(a)oe). (7.8)

The remaining BRST transformations are unchanged:

Qqa = —0c, Qg0 = —de, Qqc =0,

Qb= +7, Qv = %5(@ o(s@)dc), Q= —% 5(a) D(5(a)dc) .
(7.9)
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Using the equations of motion

we obtain
Qg7 EOM 0, Qg7 EOM
Hence
Qg ESJM Q07
which yields
2
Qg iy 0. (7.10)

Thus, the deformed BRST differential (), is nilpotent only on shell.
It follows immediately that, on shell, the BRST current of the deformed theory is
equivalent to the free BRST current:

JéﬁST =S J1(3[P{ST =2i (—dz*y@c + d5750> . (7.11)

7.4 Stress-Energy Tensor and OPEs

In the complex-coordinate formulation, the explicit dependence on the metric is no
longer visible. In two dimensions, Theorem 2.2.2 allows us to define the stress-energy
tensor by deforming the complex structure.

Using the Beltrami differential y, we deform the holomorphic and antiholomorphic

Dolbeault operators as

O,=0+pd,  0,=0+no. (7.12)
The corresponding basis of one-forms is

dz, = dz — pdz, dz; =dz — jidz. (7.13)
The gauge field A decomposes in this basis as

A=a,dz, +azdz
=a, (dz — pdz) + ap (dz — [1dz)
= (a, — pag) dz + (az — pay) dz
— adz + adz. (7.14)
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Therefore,

a, =a+ pag, ap = a4+ [Lay.

To first order in the Beltrami differential,
dz, Ndzz = dz Ndz + O(up).
We define the stress-energy tensor by
5,8, = —21/ dzndz (uT +aT).
b
For the delta deformation, setting i = 0 gives

T = 8bdc+ady + % 8(8(a) da 8(a) a)

_ % 6(a) da8(a) (9a + 9a) a &' (a) Da.

Using the distributional identities
ad(a) =0, ad'(a) = —0(a),
the deformation terms cancel. Hence

T = 0b0c + ad, T = 0bdc + a 07.

Since
Qg ESJM Q07
we obtain
T EOM Qy(G), T EOM Qy(G),
with

G = adb, G = aob.
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The corresponding OPEs take the same form as in the free theory:

T(w)T(z) ~ —LC) +8T(zz)+reg., (7.22)

(w—2)2 w-—
J9(w)G(z) ~ — e _1 SE + (EZCL_)%)Q + 5(_2)2 + reg., (7.23)

2G(2) +6G<zz)—|—reg., (7.24)

T(w)G(z) ~

(w—2)2 w-—
T(w)J9(z) ~ (i(g_)(jg + ai@_)(z) + reg. (7.25)

7.5 BV Completion

To handle the open BRST algebra off shell, we extend the theory to the Batalin—

Vilkovisky formalism and check the failure of the classical master equation
{S,5} =0.
We start from the linear antifield extension of the deformed action S:
S e S 4 Spwy Sim = /Z dz A dz (Q,0N) 0% (7.26)
Explicitly,
Stin = /2d2 Ndz [(ng)”ﬁ + QMY — (Oc)at — (dc)a™ + (y +)bT|.  (7.27)
The antibracket of SEY, with itself is
{ S, Siv = {Sg: Sy} +2{Sy, Stin} + {Stn, Siin}- (7.28)

Since S, depends only on the fields, {S,, S;} = 0. BRST invariance, Q,S, = 0,

also gives {5y, Sin} = —QyS; = 0. The remaining term is
[Sins Sind = =2 [ d= Az [( @)y + (@) + (@0p*]. (7.29)

It does not vanish off shell because @, is not off-shell nilpotent.
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We define the coefficients and equations of motion by

E, = 5539 = 2ida,
_ y
A:=¥8(a)d'(a)OcOc, B :=¥d(a)d(a)dc,
(a) ()7 (a)é(a) Eﬁ::(s—s_g:maa, (7.30)
C :=d"(a)d(a) A, D :=6(a)d(a), 0y
0
E, = 5 2i 00c.

The failure of nilpotency is proportional to the equations of motion:

2y 0 A B E,
Q% =% 40 —C||E]. (7.31)
Qzb —-B C -2D) \E,
while
Qla=Qla=Qic=0.
Using

{Sg”y—i_} = E’Y’ {597:y+} = E’77 {Sga b+} = _Eb7

Following the BV completion mechanism used in the Poisson sigma model [16], we

introduce the quadratic antifield term

0 A B ~t
1 _ _ g _
Squa =—> [ dzAdz (vF 5% b)) 5| -4 0 —C | |7*
2 Jx 4
B ¢ —2p) \u (7.32)

_ —%/ dz A dz [Ay"5" = By bt + O3 b+ — D(v)?] .
b

By construction, .
5{511117 Slin} + {Sga Squad} =0. (733)

For the complete action
SBV = Sg + Slin + Squada
a direct calculation gives

{Slin7 Squad} - 07 {Squad7 Squad} = 0.

The classical master equation therefore holds off shell:

{Sv, Sev} = 0. (7.34)
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Setting all antifields to zero yields Sy, confirming the off-shell BV consistency of
the deformed theory.

7.6 Correlators

Example 7.6.1 (First Correlator on C). We first calculate the correlator
(7(21) 0(7(22)) 7(23) (7(24))) 4
on C. We have

((21) 83(20)) () 30
=~ [t (3020 8(3(20)) () 0(3(=4)) Sla(w) a(w) 8(a(w)) aw))

0

x (8(a(w)) 6(7(24)) Da(w) 3(z)), - (7.35)
Using (4.15) from Section 4 and differentiating with respect to w, we obtain

W — 2o 1

(0(a(w)) d(v(22)) Oa(w)y(21))y = — + ) (7.36)

(w—2)* w—2z

Similarly, for the antiholomorphic part,

(5(@w)) 5(3(=1)) Fa(w) Y(za)), = — oottt (737

0 (w—23)2  w— 23

Therefore,

(7(21) 0(v(22)) V(23) 6(7(24))),
2w (7.38)
/(C (w—21)%(w — 23)%

g _ _
= A (22 — 21)(21 — 23)

This integral can be calculated from

d? 1 2wz
[= / Y S 1og<R’Z1'Zj> , (7.39)
pr T (w—2z)(w— Zz3) |21 — 23|

where Dy is the disk of radius R. Differentiating with respect to z; and z3, we find

1 de R2
. =00 = ——— 70Dz —z). (740
7 Jow (w—21)7(@ — 2 Bz 70 AT (140
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Taking R — 0o, we obtain

(Y(21) 0(7(22)) 7(23) 6(7(24)))

= % <Z2 — Zl)(§4 — 23) (5(2)<Zl — 23).

(7.41)

The correlator vanishes for z; # 23 and is purely a contact term on the collision

locus z; = z3. To examine the collision z; = 23 = z, we return to the integral

representation:
(7(21) 6(7(22)) Y(23) 6(7(24))),
g - 2w (7.42)
—E(ZQ—Z)(ZAL—Z) Cm.

Introducing a cutoff by removing the disk

D.(z) ={w e C||lw—z| < e},

/ d*w T
C\D.(2) |lw—z|* &%
1

(r(z1) 0(v(22)) 7(25) (7 (20)))g ~ 5

which shows that the collision produces a quadratic ultraviolet divergence.

we find

Hence,

To further investigate the effect of this deformation, we compute another correlator,
this time on the sphere CP'.

Example 7.6.2 (Correlator on CP'). We compute the following correlator:

(0(v(21)) 0(7(22)) 7(23) 6(7(24)) 3(V(25)) V(26)),
==L [ @ (5((2) 6(1(=2)) (z)
x (8(¥(z4)) 8(3(25)) 7(26) 6(a(w)) da(w)) . (743)
Using (4.29), the holomorphic correlator is

(23 — 21)(23 — 22)

(00/(20) 80(22) 7(zs) Do) Sa(w)))y = (ST (7
The same formula applies to the antiholomorphic sector:
(5(3(20)) 6(3(25)) F(z6) 6(a(w)) a(w)) = o= WG 5) =7 5

0 (% — Z)(w — Z)
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We therefore obtain

(0(7(21)) 0(7(22)) 7¥(23) 6(V(24)) 6(V(25)) V(z6)),
g (23— 21)(23 — 22) (%6 — 24) (%6 — 25) / d*w
4 (20 — 21)(%5 — Z4) cpt (w — z3)%(w — Z6)?
g (23 — 21)(23 — 22) (% )
4 ( )(25 — 24)

26 T <4

(0 )5(2)(23 — %). (7.46)

S |

Z9 — 21 )\Zs —

This correlator is also a pure contact term, now supported on the collision locus
23 = 2. At O(g), the corrections to both correlators therefore vanish whenever the
insertion points are pairwise distinct; the effect of the deformation in these examples
is localized entirely on the diagonals of the configuration space.

These two examples are insufficient to conclude that all first- and higher-order

corrections generated by the deformation are strictly contact-like.

Example 7.6.3 (Second Correlator on C). We consider the correlator
(0(B(21))0(B(22)) B(23) B(z4)), -
Using Witten’s formalism, we find
(0(B(21))0(B(#2))B(23)B(24) /d2uG W; 21, 22, 23, 24)- (7.47)

We introduce

D(u; 21, 29) := - — . (7.48)

For z; = z3 or z4, define

N(u; 21, 29, 2;) := (4= 21)2(u— zg)z(ﬂ — %) - (u—21)%(u — zl) (u— zy)
RSP ey et (7.49)

B TR [ e S TR e H
n R _ (7.50)

(u—z)(u— z1)%*(u — z2)?

The integrand is

N(U; 21, %2, 23) N(U; 21, %2, 24) + N(U; 21, %2, 24) N(U; 21, %2, 23)

G(U, 217227237"7’4) = - D(U'Zl 22>3
y ~1,

(7.51)
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Numerically, G' exhibits local singularities, together with a non-local singularity
when u, z1, and 2, are collinear. These singularities make the integral divergent, so a

suitable regularization prescription is required to assign it a finite value.

7.7 Discussion and Results

At first sight, the deformation might appear trivial at first order after examining some
of its correlators. However, from (5.98), we already know that ¢§(a)dc and §(a)dc are
not (Q-exact.

We now consider in the free theory

((8(a)de8(a)dc) (1) b(A) (22) BO(N) (23))

0,C "

Up to an overall normalization,
((5(a)0c 6(@)0c) (21) bO(N)(22) bé(A)(23)>O7C
= (5(a)(21)8(@)(21)8(N) (22)3(N) (25)) g (Dec(z1)Dc(21)b(22)b(z5) ) - (7.52)
By (4.13),

|21 - Z2|2|21 - Z3|2

(0(a)(21)8(a)(21)0(N)(22)0(A) (23)) = — (7.53)

(21— 22) (21 — Z3) — (21 — 23) (21 — Z2)

The ghost-sector correlator is

(c(e)Belebiznb(zs)) = BB B -zt =R) gy

0 |21 — 22[?|21 — 23]

The two factors cancel, yielding

((5(a)dc5(a)de)(21) b6(N) (22) bé()\)(zg)>0’c =1, (7.55)

after fixing the overall normalization. Under the same assumptions as in Proposi-

tion 5.11.1, this nonvanishing correlator shows that

d(a)dcd(a)de

is not (Q-exact. The deformation is therefore already cohomologically nontrivial at
first order, even though some of its perturbative corrections reduce to contact terms.

A different picture emerges if the algebra of distributional observables is enlarged

84



further by allowing Heaviside distributions

0(a),  O(a).
We have,
d(6(a) 6(a) da) = 8(a) 5(a) da A da
= 6(a) 6(a) (9ada — Da 0a) dz A dz. (7.56)
Hence
§(a)6(a)dadadz A dz
= §(a) 6(a) dadadz A dz + d(O(a) 6(a) da) . (7.57)
This yields:
/2 dz A dz 8(a) da 8(a) da = /E dz A d3 8(a) Da 5(@) Da. (7.58)

Using
da _~ 0, oa ~ 0,
EOM EOM
the integrated deformation would then become trivial on shell.

The Heaviside extension also changes the local @)-cohomology. Since Qa = —0dc,

and therefore

d(a)0c = —QO(a).

Thus a class which is nontrivial in the delta-function extension becomes (Q-exact once
O(a) is admitted. This is incompatible with the nonvanishing-correlator argument
above if the TCF'T structure is assumed to extend unchanged to the enlarged algebra.
The natural conclusion is not that the deformation is trivial, but rather that the
extension from delta distributions to Heaviside distributions requires additional care:
the TCF'T structure, the treatment of total derivatives, and possible boundary or

contact contributions may no longer behave as in the delta-function extension.
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7.8 Conclusion

The correlators calculated give several concrete results. At first order, the deformation
produces nontrivial distributional ()-cohomology classes; some correlators reduce
to pure contact terms, while others develop nonlocal singular loci and require a
prescription for their integration. These effects are absent in the undeformed free
theory and show that the delta deformation has genuine consequences already at first
order. At the same time, the comparison with the Heaviside extension identifies a
precise limitation of the distributional TCFT framework used here: delta-function
observables are compatible with the calculations performed above, whereas extending

the observable algebra to Heaviside distributions remains an open question.
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